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A cost function for the natural gas transmission in dustry:

further considerations

Olivier MASSOL

Abstract

This article studies the cost function for the naltgas transmission industry. 60 years ago,
Hollis B. Chenery published an important contribatithat demonstrated how, in that
particular industry, the production function of maeconomic theory can be rewritten with
engineering variables (Chenery, 1949). In 2008,aditle published inThe Engineering
Economist(Yépez, 2008) provided a refreshing revival on Gmgs seminal thoughts. In
addition to a tribute to the late H.B. Chenerystibcument offers some further comments
and extensions on Yépez (2008). It provides assizdily estimated characterisation of the
long-run scale economies and a discussion on the-gin economics of the duplication of
existing equipments. As a first extension, we sttidyoptimal design for infrastructure that
is planned to transport a seasonally-varying flofvnatural gas. The second extension
analyzes the optimal degree of excess capacity toublt into a new infrastructure by a firm

that expects a random rise in its output duringrnfrastructure's lifetime.

" | wish to express my gratitude to Ibrahim AbadagelAPierru and Stephane Tchung-Ming who read pieéiny versions
and made useful suggestions. | have benefited éfisoussions with Frederic Lantz, Michael Martend &ifodie Sentenac-
Chemin. | am also indebted to Michel Le Breton fovihg drawn my attention on H.B. Chenery's work. Aeynaining

errors are my sole responsibility. The views exgpedsherein are strictly those of the author anahatonecessarily reflect
those of IFP.






Introduction

As far as engineering economics is concerned, ¢ae 009 corresponds to a special anniversary: 60
years ago, a promising PhD student named HollisCBenery published a seminal article that
illustrated how the production function of microaomic theory can be rewritten with engineering
variables (Chenery, 1949). His goal was to presenigorous analysis of the cost function of an
industry whose total production function consisfsseveral processes which can be combined in
varying proportions to produce a given output. Asillustration, he provided an illuminating case
study based on the natural gas transmission induatthis industry, the combination of processes i
such that it is possible to increase output by rgldiore compressors while keeping the same pipeline
or, in the long-run, varying simultaneously bothigraeters. As he has shown, this flexibility iska t
origin of the massive scale economies observeldanindustry. Despite a considerable early infleenc
in the academic community (e.g.: Smith, 1957, 199fymson et al., 1972), the engineering approach
pioneered by Chenery has gradually disappeared thenapplied economic literature during the last
30 years. Moreover, it must be acknowledged thadrtaare exceptions (e.g.: Callen, 1978), most of
the articles that fuelled the debate associateld thi# impressive regulatory reforms implemented in
the gas industry did not consider this engineeaipgroach. Given the importance of the gas sector to

the energy industry, this situation is somehowtfaisg.

However, a recent article published ihe Engineering EconomigfYyépez, 2008) provided a
refreshing revival. In addition to the perpetuat@inChenery’s method, at least three reasons can be
advanced to illustrate the value added by thisrdmrtton. Firstly, this paper presents a clear and
modernized version of the Chenery’s methodologyctvhincludes some interesting refinements. In
particular: a more recent version of the gas flowatiorf and the possibility to deal with a non-steady
elevation of the pipeline. Secondly, Dr. Yépez dedi a set of formal equations that describe how
total, average and marginal costs vary with ouipuhe short run. And last but not least, Dr. Yépez
provided a detailed case study based on a Mexiggagh. As Chenery (1949) only represents the tip
of the iceberg, some complements may be needdwetbsome light on Chenery's shrewd thoughts on

the gas transmission industry.

This article is organized as follows. In the fisgtction, a complete review of the Chenery-Yépez's
model aims at offering some eclectic complememighé second section, an extension of that model
is provided to deal with the case of seasonal trana in the volumes of gas to be transported. The

influence of these variations on the optimal desgjnthe transmission equipment is discussed.

! During his subsequent career, Pr. Chenery’s reseéatetest moved to development economics. From 187082, he
was the World Bank vice president for developmefiitp@and played a key role in the definition of tBank’s strategy.
2 Chenery (1949) was based on the Weymouth equitisiis not so appropriate for large gas pipelines.
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Investment recommendations are then addressedeidagit section to analyze the rationale of a

“building ahead the demand behaviour”.

1 — A commented review on the Chenery-Yépez approac h

In this first section, three points are succesgivdiscussed: the long-run optimal decision, the
behaviour of the cost functions in the short-rud an alternative formulation of the long-run optima

design.

1.1 Long-run economics

The Chenery-Yépez approach

Both authors developed a rigorous model-basedfanstion for the gas transmission industry based
on the case of a gas pipeline that runs a giveartisl and transportsQ, a daily flow of natural gas

in MMcfd (millions of cubic feet per day) that isssumed to remain steady all along the
infrastructure's lifetime. In their model, outputdainvestment decisions are assumed to be taken
separately and the estimate of output is suppasdx tmade prior to the investment decision. This
assumption is consistent with industrial practieeduse in many cases, this flow is an outcome of
exogenous negotiations between a natural gas peodunt a group of buyers. As far as investment
decision is concerned, two engineering variable® lta be considered in the long-rup: the inside

diameter of the pipe in inches; and the comprelssmepower per million of cubic feet of gab.

As the firm is assumed to have perfect informabarthe volume of gas to be transported and on the
associated revenues, the project's value is magdiy an investment program which minimizes the
total cost of production over the period. Sincepattis assumed to remain steady all along the
infrastructure lifetime, the optimum plan minimizalso the annual total costs. For a given volume to

transport, the objective of the gas transmissiom fis thus to find a technology-compatible

combination of inputiD, H) that minimizes its annual total cost.

A given combination(D, H) is technology-compatible if, and only if, the tfmlowing relations
simultaneously hold. Firstly, for a given flow ra€@ of natural gas, the frictional loss of energy
through a pipe (measured as pressure drop betWe#re initial pressure an&, the terminal one in

psia) is a decreasing function of the diamdferof the pipe. Considering a steady flow of natgad
and assuming: (1) a friction coefficient that idumction of the diameter and (2) a constant and

uniform elevation all along the pipeline, this geaidlow equation is relatively simple (Yépez, 2008
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Here, ¢, is an exogenous constant parameter (cf.: Yép&B)2hd| is the pipeline length in miles.

Secondly, the power needed to compress naturalrgasa given inlet pressur€) to a predefined

outlet pressurd’, is given by the following empirical expression ¢z, 2008):
H=c.(R-1)Q
Where R is the pressure ratiB,/ P, 21 and bothc, and S are dimensionless constant parameters.

Following a simplification initially proposed by @hery, if the inlet pressur€, is assumed to be

equal to the terminal pressukg at the delivery point and if we assume that theiteal pressureP,

corresponds to an exogenous parameter, then theethioological equations presented above can be

simplified (by eliminatingR) into a unique engineering production function:

2
1Q? H s
F(D,H,Q)=COZQDl6,3+1—(qQ+1j =0 @)

This production function embodies the key featunéshe gas transmission industry and clearly
suggests the possibility of smooth continuous s$uwibtisin between pipe diameter and compression
horsepower. From a strict technical perspective ctimbination of these two capital factors (diamete
and compressor horsepower) is such that it is ples& increase output by adding more compressors
while keeping the same pipeline or increasing fpelime diameter while keeping the same design for

the compressors.

As far as costs are concerned, two different elésnlave to be considered. Firstly, the total yearly

capital and operating cost per mile is given(hy( D), a smooth function of the inside diamétér .
With Dr. Yépez's terminology,C, (D) is equal toa,.C,(D)+C,(D), where C,(D) is the

replacement value of line per mile dependent ordtameter;a, is the fixed-cost annual percentage

8 Usually, the wall thickness of the pipe plays adspimportant role in the total cost of the line.tBollowing Chenery
(1949) and Yépez (2008), we assume that this paearo@n be computed as a function of the diamédtereopipe.



charge dependent on the depreciation and reaéstteates so that, .Cl(D) gives the annual cost of

the line per mile, anC, ( D) the annual operation and maintenance cost per mile

The annual cost of the compressor statlag(H) constitutes the second type of cost. Again:
C,, (H) is the sum of two smooth functions bf the horsepowera,..C,(H) andC,(H), where

a. is the fixed-cost annual percentage charge depéemoethe depreciation and real interest rates,
Cs(H) is the replacement value of the compressor statependent on the installed horsepower

capacity andC, ( H) is the operation and maintenance cost.

For a rational firm, the objective is to minimizs annual costs and the Chenery-Yépez approach

suggests the following cost-minimization programme:

Min LRTC( D, H)= LG (D)+ G ( H)

2)
st. F(DHQ)=0

With the functional specifications and the numdriparameters presented in Yépez (2008), this

constrained minimization problem has a unfgg@ution. The optimal mix of input(sD*, H*) can be

obtained thanks to the Lagrangian method. The lragaa £ for this constrained minimization

problem is:

£(D,H,A)=C,(D)+C,(H)+AF(D,H,Q)
And the optimal solutior( D', H ) satisfies the first-order necessary conditions:

0L P oF _
E(D,H,/})—ICD(D)+/} aD(D,H,Q) 0

o e oF _
ﬁ(D,H,/])-cH (H)+A o (D,H,Q)=0
Where, C, (D) (respectivelyC,, (H)) is the marginal annual cost of the pipeline (eesipely of

the compressor station). Note that a straightfodwapperty of that optimal combination of pipeline

4 With the functional forms chosen in his 2008 4eti©r. Yépez notes that the second-order conditfonthe existence and
uniqgueness of a minimum are satisfied.



diameter and horsepower of the compressor ste(tir;z, H*LR) can be exhibited. These two first-

order conditions imply that the optimum combinat(dD:R, H*LR) satisfies:

|.CD‘ (DER) _ aiD(DiR' H*LR'Q)
Cu(His) % (D}, Hiwi0)

A remark on the annual costs of the line and of the compressor station

The specifications chosen for the annual coststiiome C,, (D) and C,, (H) clearly constitute one

of the noteworthy differences between Chenery (194@ Yépez (2008). As it will be shown below,
these specifications play a non-negligible roletmeconomics of the cost function in both shod an

long-run. Thus, they deserve a short comment.

Chenery used only linear specifications with comistaear coefficients, a choice that he justifa
follows: “Although theoretically these parameters may becfioms of the indicated engineering
variables, the available data show them to be pcadly constant over the range which has been

experienced in practice.(Chenery, 1949, p. 518). In his contribution, Mépez preferred concave
functional forms forC, (D) and C, (H), a choice that he justified with an empirical argunt

based on the result of a personal investigatiorgaRkng that empirical section, a representative
econometrician could regret the absence of sontteecflassical attributes of a typical empiricaldstu

a basic description of the data (source, numbebsérvations, etc.) and a discussion on the ragress
results (t-statistics, Retc.)... Nevertheless, the intrinsic importantéhis remark can be toned down
since publicly available information on cost dada that industry is rather scarce. Given Dr Yépez's
position, his estimates can be viewed as reliabteugp-to-date sources. Thus, it is almost certadi t
many practitioners and/or gas economists prefeptidicly available results to many a lesser man’s

studies.

Scale economies, some empirical evidences

In his discussion on the long-run economics of agural gas transportation industry, Dr. Yépez
noticed the presence of significant economies afesdis affirmation is inspired by the shape @& th
long-run cost curves as both long-run average @d®8C) and long-run marginal cost (LRMC) are
decreasing and the former exceeds the later. lodmslusion, he rightly underlined that this resas
important implications for the design of approgigtricing policies, since applying a long-run

marginal-cost pricing do not allow the industrybt@ak even.



To complete this plot-inspired remark, some addélaesults may be useful to quantify those scale
economies. In another papers dedicated to investis&mes, Pr. Chenery suggested that the long-run

cost function of the gas pipeline has almost canigkasticity of output with respect to cost oversin

of its range (Chenery, 1952). Thus, the funct}@%’, wherey/ represents a scale coefficieand

y a constant, could provide an acceptable approiomatf the long-run total annual cost function

LRTC( Q) Given that Dr. Yépez's analysis differs from Bhenery (as it includes a modernized
version of the technological relations and a naedr specification for the inputs co<ts (D) and

C, (H ) ), the validity of this approximation needs to ladidated with a statistical approach.

In this empirical sub-section, data are generatmah the industry process model and depict the long-
run total cost for various quantities. Based ors¢hpseudo data”, simple relationships such asthos
suggested by Pr. Chenery can be statistically astdn In fact, this method has its roots in Pr.
Griffin's set of studies published in the 1970'siffta, 1977, 1978, 1979). At that time, available
computational technologies prohibited the diredusion of cumbersome process models in large
inter-industry simulation and forecasting modelfheT'pseudo data" approach was seen as a
computational-friendly tool able to simplify thesemplex engineering models into single equation

cost function.

In the present study, a data set of 84 observati@ssgenerated by running several instances of Dr.
Yépez's model with the list of parameters presemeégppendix 1. In these numerical simulations, the
output varied from 0.25 to 21 Bcml/year (billionsbmumeter of gas per year) - i.e: 25.6 to 2147.5
MMcfd - by regular steps of 0.25 Bcm/year. Herestodata are thus drawn over a sufficiently wide
range that represents usual operation conditiottseimatural gas transmission industry. Thank&ido t
usual log transformation, an Ordinary Least SqQU&ES) regression was performed to estimate

Chenery’s specification. Table 1 presents the dogbiresults for this statistical cost function.

Table 1: Empirical results obtained from an OLS regession on Chenery’s specification. The

numbers in parentheses are standard errors of coefients.

log(LRTC) = 1234312 + 0613467  log(Q)
(0.000984) (0.000145)

R?=0.999995 ; S.E. of regression = 0.001218.

These results clearly confirm the pertinence ofr@ngs suggestion. The goodness of fit measidre R
indicates an excellent explanatory power whichugequnusual for such a simple specification. The

estimated values are clearly of significant astteetistics suggests that the probabilities attddo

5 For such a cost function, the ratio of average womarginal cost is constant and equalfla

10



the real values being O are insignificant. Henlee gpecification suggested by Pr. Chenery pro\ades
acceptable approximation of the Long Run Total émsttion. As far as the long-run scale coefficient
Y is concerned, these results clearly confirm thes@mce of significant scale economies: for any
given output, the Long-Run Average Cost is alwa§%6greater that the Long-Run Marginal Cost.
This value clearly reinforces the value of Dr. YEpeconclusion on price setting: a simple tariff ate

the long-run marginal cost would systematicallyuog significant losses.

1.2 Short-run cost economics

The Chenery-Yépez approach

In the short-run, both Yépez (2008) and ChenerypZ)Precise that there are some limits on the
substitutability between the two factol3 and H . In fact, pipeline diameter is an indivisible faict
whereas continued adjustment of pumping equipnserasy to implement. Moreover, pipe costs are
usually significantly greater than compression €osAs a result, short-run adjustments needed to
serve possible additional demand are usually obthioy increasing the compression horsepower

while keeping the same pipeline.

For a given pipeline whose diameterls, the engineering production function (1) can k@ganized
to get an expression of the compression horsepdwerequired in the short-run. This required

compression horsepower is fully determined®ythe daily flow rate of natural gas to be transpdrt
In microeconomic jargon, this function is nothingitba short-run factor demand function

H =g, (Q) whereg, is the following function:

1Q? 2
gp: QP QQ(W‘HJ -1 (3)

0

As g, is a smooth, strictly increasing and strictly cexiyunction, it is clear that a 100% increase in

the quantity to be transported through a given ljpiperequires a more than 100% increase in the

compression horsepower. As it will be shown belthvis remark plays an important role to analyze

the behaviour of the Short Run Total Cost funct®RTq Q.

5 For example: in the data set described abovestthee of the pipeline-related costs is always grahan 70 % of the long-
run total cost.
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This approach allowed Dr. Yépez to derive a singlgable expression foSRTC the Short-Run
Total Cost function. HereSRTQ Q) is the sum of two elements: a fixed pipeline ddst, (D) and

a variable cost functiofC,, (gD (Q)) the annual cost of the compressor station.

A U-shaped short-run average cost curve

Dr. Yépez's Figure 2 (Yépez, 2008, p.80) providemaiguing suggestion. On that figure, a coudle o
strictly decreasing Short Run Average Cost fundi@re plotted. All these curves suggest the
presence of some scale economies in the shortestrfunctions. But it is perilous to derive defivit
conclusions from such a graph as curves have agy Iplotted on a limited range of output. Some
complementary remarks are thus needed to discasshitrt-run economics because the presence of

increasing/decreasing returns to scale in the sharis, among other factors, heavily influenced by
the functional form chosen fdZ,, (H) . Depending on that choice, rather different cosiolos can be

obtained.

There are slight differences in the specificati@h®sen by Chenery and Yépez that deserves a

discussion. Whei€C,, is an increasing convex function (which includes linear specification used in
Chenery (1949)), the Short-Run Marginal Cost fum:tSRMq Q will be strictly increasing with
respect to output an&RMq Q will always be greater than the short run avereggable cost
Q'C, ( % ( Q)) . Adding a strictly decreasing positive pipelineege cosQ™1.C, (D) provides a
typical U-shaped curve for the Short Run Averagst@anction SRAC( Q In that case, there will

be an efficient level of productio  at which the average cost reaches its minimum.vAkbat

particular output, the firm's short-run operationk clearly exhibit decreasing returns to scale.

With the concave specification &,, (H) chosen by Dr. Yépez, the behaviour of the shortaust

function is not so clear. As far as the variablstde concerned, two opposite effects are at work.

Firstly, a "pro-decreasing returns to scale" effeely be expected because of the both increasing and

convex nature of the short-run conditional factemdnd functionH = g, (Q) . But simultaneously,

the concave specification €, (H) chosen by Dr. Yépez corresponds to a "pro-incngasturns to

scale" effect: a 100% increase in the horsepowpaat H of the system increases the annual
compression station cost by only 90.2% and the atjper and maintenance cost by only 45.2%.
Hence, predicting the overall effect obtained whemposing these two individual effects requires a

deeper analysis.
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Figure 1: U-shaped Short Run Average Cost curves.
Nevertheless, the short-run average cost funct®RAQ Qzé( 1G( D+ G( g ()))) is

smooth and defined for all strictly positive outg@t With Dr. Yépez's numerical values, it is clear

that IiQO SRAC( Q =+00 ., Hence, it is clear that the increasing returisdale suggested on Dr.

Yépez's Figure 2 (Yépez, 2008, p.80) is a locahpheenon that cannot be generalized to any output.

Stated differently, it simply means that with thasempression cost parameters, the concavity of

C, (H) is not sufficient to counterbalance the “disecoresnof scale” effect induced by the convex

nature of the short-run conditional factor demaundcfion H = g, (Q) This finding is consistent

with the U-shaped Short Run Average Cost curvesiodd from numerical simulations based on Dr.
Yépez's numerical values (cf. Figure 1).

As will be discussed below, this finding has impettimplications when considering the adaptation of

any already installed transmission equipment tigrificant increase in the planned output.

"Looping" economics, a simple introduction

An obvious corollary emerges from these U-shapexitsiun average cost curves. In his paper, Dr.
Yépez rightly suggested that the cheapest waydoramodate an additional output in the short run is
the addition of compression horsepower. This atition clearly holds for small increments in the gas
flows. But, is it also the cheapest solution whensidering the adaptation needed to serve a very
large increment? Even without paying any attentiorpossible technological restrictions (e.g.: an
upper limit on the pipeline’s operating pressuré®re can exist an economically grounded argument
to choose a different solution. A sufficiently lartncremental volumes to be transported can lead th

transmission firm to operate in the “diseconomiescale” region. If that increment is large enoduigh,

13



can be worth comparing two alternative solutionsoatinued addition of pumping equipment versus
laying a second gas transmission line in paraléb ehe existing one. In the natural gas industrig,

"replication" is quite frequent and is called "|dérgy'.

A simple introduction to "looping" economics can tmeind in Chenery (1952). In that paper, Pr.
Chenery studied the simplistic case of a stricticapon of the existing line and noted that it pap

duplicate a line when the incremeh@ is large enough to get:

SRTQ Q+A Q=2. SRTE:QJ’—ZAQJ

If that inequation holds, a solution based on abtknitransmission infrastructure where each pipelin

transports one half of the total flo® +AQ is less costly than those based on a single lasigd
whose total cost isSRTC( QrA Q A similar reasoning is also valid for the traiwitfrom two to

three lines and so forth. On the assumption tletdtameter of pipeline installed remains unchanged,
a lower envelope curve can be exhibited. This letieve was named “intertemporal cost curve” by the
late Pr. Chenery who noted that it represents vokigon of the total annual cost over time if ouitp
always increases on the assumption that the simaibinstalled (here, the pipeline diameter) ramai

unchanged.

Figure 2 provides an illustration in the case a08-miles infrastructure that was initially desigrte
transport a daily flow rate of 383.487 MMcf of natligas. With the numerical assumptions listed in

Appendix 1, the optimal design includes pipe dianef 27 inches and a compressor of 3,858 hp.

40 v
= LRTC /
35 ——— SRTC for a single 27-inch line ,

SRTC for a doubled 27-inch line ’
—-—- SRTC for a tripled 27-inch line it

4 7/ P
30 Lower envelope curve ’ 5%

25 A

20 ~

Annual cost (M$)

10

0 500 1000 1500 2000
Quantity (MMcfd)

Figure 2: Short-run and intertemporal total cost cuves for natural gas pipelines.
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This treatment is based on the simple case ofi@ durplication of the pre-existing infrastructute.

real industrial cases, planners are free to chaatifferent diameter for the new pipeline to be ldio
conclude on looping, it is also interesting to utide that meshed networks are frequent in the gas
transmission industry. This feature introduces gnificant complexity in the identification of an
optimal looping policy (e.g.: Andre et al., 200¥evertheless, this straightforward description

provides an intuitive introduction to "looping" ewmics.

1.3 Long-run vs short-run, an alternative and simplified view

This section aims at showing that the long-run fmebstudied by both Chenery and Yépez can be

reformulated in a simplified manner.

First, attention is focussed on the role playegipgline diameter in the short run. Any changehist t

diameter has a major impact on the short-run ecammwf the transmission equipment since it
changes the repartition of the total cost betwearadf costs (pipeline related cost) and output-
dependant ones (the compression costs). In a séhsean be viewed as an index of scale that

characterizes the size of a given transmissionpeggemt.

For a given flow of gas to be transport€l, the engineering production function (1) can diso

reorganized to get the compression horsepokerequired in the short-run as a differentiable and
strictly decreasing function of the pipeline diaereD (provided thatD remains strictly positive)

and parameterized b the daily flow rate of natural gas to be transpadrt

B
2

fo:D> Q. (£+1J -1 (4)

2M16/3
c,2D

The influence of the pipeline diametBr on the Short-Run Total Cost to transport a givew fate of

gas Q is described by the cost functid®RTG( D= IG( D+ C;( 5( [)) parameterized by
Q. Obviously, the pipeline elemehCC, (D) is usually a strictly increasing function of thipgline

diameter, whereas the annual compression egs(t fQ ( D)) is strictly decreasing with respect &

because of the technical substitutions mentionddtea

A simple reformulation of the long-run cost minimion problem can now be proposed. Each strictly
positive value ofD corresponds to a unique Short-Run Total Cost fandhat is parameterized by a

continuous parametef) . Hence, a family of Short-Run Total Cost functiam$exed by a continuous

variable D can be defined. For a given outgQt, each of these function provides a short run total

15



cost and those values varies with the pipeline dtanD . In this subsection, it will be proved that the
long-run cost minimization problem can be viewediieglently as selecting an appropriate (and

unique) element in that family of short-run costvas.

Restated with simple algebra, the goal is to fine particular Short-Run Total Cost function that
minimizes the annual cost of transporting a givew fQ of gas. AsD is assumed to be a continuous
parameter, a necessary condition for minimum anoasl is that the derivative of Short-Run Total

Cost with respect t® be zero:

dSRTG

D (D)=0 (5)

Equivalently,

1C, (D) ==14(D)xC,(14(D)).

As usual, an economic interpretation can be giwethat expression: at the optimum, the marginal

cost of the pipeline is exactly equal to the maagompression horsepower economy.

From a technical perspective, some straightforveaigiiments can be given to illustrate the existence
of a uniqgue solution to equation (4). ASSRT%( [) is differentiable  with
lim_ . SRTG( D=+w andlim,_., SRTG( 0=+, itis clear (Rolle’s theorem) that there
is at least one solution to equation (4). Of counsgiqueness of that solution depends on the
functional specifications chosen for bo@l), and C,, . With Pr. Chenery’s linear specifications, the
function SRT(;( [) is strictly convex and has thus an unique glob@imum. With Dr. Yépez's

concave specifications, convexity is no longer fiegtibut the numerical values used in Yépez (2008)
insure a U-shaped curve with the succession ofstwotly monotonic patterns: a decreasing one and
an increasing one. As a result, there is also guenminimum cost with Dr. Yépez's specification.

Hence, the problem at hand is well behaved as DotlYyépez's and Pr. Chenery’s specifications are

consistent with the existence of a unique solutivequation. Let's denot®, that solution.

It is now time to compare that solutiddy, with those denotet@ D/ H*LR) obtained when solving

the long-run cost minimization programme proposed Ghenery and Yépez. Here comes an

interesting lemma:
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Lemma 1. Assume a gas transmission firm with costs andneseging production function as

described above. For that firm, the long run optimambination of inputs( Dk H*LR) that

solves Dr. Yépez's cost minimizing programme istgxaqual to(D;R, fQ(D*SR))' those

obtained with the single variable problem above.

For the interested reader, a straightforward pobdtfat result is provided in Appendix 2.

Clearly this approach simplifies the long run pesblas it only requires solving a single variable
equation. In the next sections, that simplificatwiti be helpful to illustrate some new results. ©p

of that, this very simple approach provides a clgument for presenting the Long Run Total Cost
curve as the lower envelope of the Short Run Totat curves. Figure 3 offers an useful illustration
of that assertion.
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Figure 3: The Long Run Total Cost curve as the loweenvelope of the Short Run Total Cost

ones.

2 — Dealing with seasonal variations
In their papers, both Pr. Chenery and Dr. Yépediastuthe case of a transmission equipment that is
planned to transport a steady flow of natural §xsall across the year. How is the short-run total

annual cost impacted by seasonal changes in thatréite? How does this seasonal pattern influence
the optimal design of that infrastructure? Thesemecisely some of the questions addressed in this
second section.
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2.1 A further distinction: expansion vs contraction costs

This preliminary subsection provides a useful pie€emethodological background. Following the
usual convention, Dr. Yépez defines the short-rma period of time in which the quantity of at keas
one input is fixed (here the diametEr) and the quantities of the other inpbt can vary. As in
classic microeconomic theory, the long run corregigoto an hypothetical situation in which the
guantities of all inputs can vary. Aside from thesual distinction, a further distinction could be
valuable to analyze the short-run economics of itduistry: that between expansion and contraction
costs. That distinction pioneered by the “Frenchgmmalist school” relies on the asymmetry between
plant expansion and plant contraction since soxedficosts to be incurred in case of expansion
cannot be recouped in case of contraction (Cf. ®1@864) for a comprehensive survey). In fact,
Chenery himself also perceived the pertinence atffirther distinction: The functions resulting from
fixing the pipe size (scale of plant) and varyirlges factors (amount of pumping equipment, etdl) wi
be called "intermediate" cost functions. It is gbksto move along the intermediate cost curvey onl
as long as demand is expanding. A contraction ofiadel will involve a movement along a "plant"

curve (...) where the only important variable islfaonsumptiori.(Chenery, 1952, p. 4).

Dr. Yépez's framework provides an interesting stgrpoint to implement that distinction in the
natural gas industry. On the assumption that thelipie diameter remains unchanged in the short-run,
the output-variable element corresponds to thel @mt@ual cost of the compressor stations that
includes the capital costs and the operation andter@ance costs. Given that any expansion requires
the installation of an additional compression cépaghose annual cost is fully captured in thisrsho
run cost function, it is clear that Dr. Yépez's gkroin total cost function describes the variatain
annual cost if output always increases. But in cds®esudden and temporary drop in output, rigidity
would probably be observed in the downward adjustn@ the compression capacity. Stated
differently, it means that there are few chancesirh a restriction in output to be accompanidti wi

an instantaneous premature scrapping of the extessnpression capacity.

With those remarks in mind and using the previoattions, a simple reformulation can now be

proposed to distinguish expansion and contractmstsc For a gas transmission infrastructure that

transports a given floWQ, with a pipeline whose diameter 3 and an adapted compression capacity
Ho=0p (QO), the total expansion cost incurred to serve aelaggeady flow-rate of natural gas
Q = Q, is given by Dr Yépez's short-run total cost funntiSRTq Q that includes the extra capital
expenses required for the installation of an adid#i pumping capacity. In case of a contractiothe
output to Q < Q,, the annual compression station co;gtCs(HO) remains unchanged whereas the

operation and maintenance costs are reduced tecredl lower annual rate of operation of the

compressors. As most of these operation and maintencosts correspond to the cost of the energy
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(gas or electricity) used to drive the compresadimear scale down rule can reasonably be posited
model those variations. These costs are thus saggdosvary in proportion to the capacity-utilisatio

rate Q/Q, ; here, these variable costs are equagec4 (H,)-

0

To summarize, the short-run total expansion casttfan SRTEC of that infrastructure is given by:

SRTEC Q> SRTE I I Pac € of N+ £o6 R 0 2,

Whereas the short-run total contraction cost fumc&RTCC is:

SRTCC Q> IG( D+a.. G |5|)+Q3 o H 0 @& §

Hence, the short-run total cost function takeseeitine or the other expression depending on whether

Q the output to be served, is larger or not tharirttial level Q,. As far as short-run marginal cost is

concerned, we can notice a discontinuity for thei@aar outputQ = Q,. For this output, the right

oo d : . ,
derivative, |.e.%[ac .Cs(gD (Q)) + C4( gj( Q)] gives the marginal expansion cost whereas the

.1 . : .
left derivative, i.e—C, ( HO) , corresponds to the marginal contraction costliExpeference must
0

thus be made to one of these concepts when coimgjgeactical applications of marginal costs. More
generally, the possible non-equality of left-hamdi aight-hand short-run marginal costs at adapted
capacity has already been emphasized in the literésee for example Pierru (2007) for an economic

interpretation in the case of linear-programmingiaie).

2.2 The case of seasonal variations

Obviously, gas consumption varies over time — acresasons, weeks and days. Moreover, the
amplitude of these variations can be large. A @fpilustration is provided by the seasonal swing
observed in countries where natural gas is largebd for heating. As an example, in north-western
Europe approximately two-thirds of the gas is comstd during the winter period (October—March).
Moreover,“residential users consume about 90 percent ofrtbeerall gas during the winter period.
For local gas providers, it is therefore not uncoomo have daily peaks in gas delivery in the winte
amounting to more than ten times the delivery csummer day.'(Ho6ffler and Kuabler, 2007, pp.

5206-5207). In many cases, gas cannot be storecendausers. Significant seasonal fluctuations can
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thus be observed in the daily flows of gas to bedported. For a transmission infrastructure, such

situation results in an average daily output thatiictly smaller than the peak flow.

To analyze the influence of these seasonal vanisitive study the case of a rational firm that ptans

build an equipment to transport time-varying gasvB. The firm is supposed to know precisedy:
the daily flow of gas demanded on ddy and Qp the peak flow to be transported on that

infrastructure (i.e. :Qp =Max q). A one year periodicity is assumed for the gasvd (i.e.:
t

0, = Q.s65)- The average daily flow rate to be observed duanparticular year is denoteﬁi. A

strictly less than one load factor is also assufoethat infrastructure, which means trﬁaK Q, (the

case of a 100% load factor corresponds to the pfit@ma case studied by both Chenery and Yépez).

Here again the firm's decision can be analyzedmaraual cost minimization problem. As in the
Chenery-Yépez approach, the problem faced by ttre fan be viewed as a cost-minimization

programme:

Min |CD(D)+aC(33(Hp)+Q—.C4(Hp)

D.H, {H{, p
st. F(DH g)=0 0OtO{ 1..,3p: (6)
H <H, Ot0{ 1,363

The objective is to minimize the annual total costurred to transport the daily rovx(sq)

with an equipment whose compressor station hagaciy Hp and whose pipeline has a internal

diameteD . Of course,H, must imperatively be large enough to provide ahyhe compression

horsepower{Ht = fqt (D)} . Given that the model at hand is fully determinjsthere is no

t{1,...,363
incentive to build any extra capacity and the carapion capacity to be installed is thus supposed to

be equal to the minimum required to serve thosek pkav Qp. Hence, the peak compression

horsepowerH , is given by f, (D).

Here again, this problem can be reformulated asghesvariable optimization programme: i.e. finding

the unique optimal diameteD;4Q that minimizes the short-run total contraction tcmction
p
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SRTCC to serve the average daily floay knowing that this infrastructure must be capablsupply

the peak outpu@,, i.e. H, = f, (D;Q )

The optimal pipeline design, denoteED;Q, minimizes the following annual cost function
<p

SRTCG, : D> 1G( D+a.. Q( g ( IZ))+Qi (;( g ( [)).Anecessary condition is that the

derivative of that cost function with respect tpgdine diameteD be zero:

dSRTCC
7.Q, (

D D ):0 (7)

As usual, that condition has its economic integdren. At that optimum, the marginal increase ia th

pipeline cost is exactly equal to the marginal carapion cost reduction.

As a benchmark, it is interesting to compare tipigneal pipeline diameteDgQ with those, denoted

P

D;p , that would have been chosen if the firm haddogport a steady fIO\@p. As the infrastructure

must be designed to transport the peak f@gv, each of the two following combinations of inputs

(quQp, pr (Dq'Qp)) and(DQp, pr (DQp)) represents a technology-compatible choice.

Proposition 1:
Assume a gas transmission firm with a seasonaliv@rputput, costs and engineering

production function as described above. For thahfithe long run optimal combination of
input (D;Q \ pr (Dqu)) involves a smaller diameter and a larger horsepowapacity

than those that would have been installed to sarsteady daily flow equal to the peak value
Qp -
Again, a straightforward proof of that result ieyided in Appendix 2.
This result is rational: a lower load factor creas: incentive to lower the transportation cost by

preferring a mix of inputs that includes more coegsor horsepower (that generates flexibility) and

less pipeline.
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3 — Building ahead the demand, an irrational decisi  on?

This section provides a discussion on the optimaéstment policies that can be derived from the
Chenery-Yépez approach. In his discussion on thenaics of the natural gas transportation
industry, Dr. Yépez suggests thatvhatever the planned level of output, the ratiofieh will select

a transportation system whose short-run averagal twast is tangent to its LRAC at that capacity”
(Yépez, 2008, p. 80). It is tempting to confroris thule with the investment decisions actually take
the gas industry.

3.1 Preliminary remarks

Evidences drawn from the gas industry provides maoecases of transmission infrastructures that
were designed with a significantly oversized dianefThe "Yamal pipeline" - an impressive 56-

inches diameter infrastructure that runs from tremdl peninsula (northern Russia) to Germany
across Belarus and Poland - provides an archegxaathple. Since its construction in the end-1980's,
the gas flow transported on that infrastructurerager exceeded 20 Becmly, which is a relatively low
figure compared to the initial plans (Victor andckir, 2006). Another case is given by the

contemporary Nabucco project, a large gas transmnigsfrastructure that has been proposed for
construction across the South-East Europe and Judkearry gas from the Caspian region to Austria
and other European markets. The design chosehifoptoject involves a large diameter (56-inches)
that looks considerably oversized for the expedi@a (8 Bcm/y). In both cases, a cost-minimizing

design based on the Chenery-Yépez approach worthirdg suggest a smaller diameter/compression
horsepower ratio. Why did the teams of skilled angerienced planners who designed those

infrastructures preferred alternative solutionseblasn larger diameters?

This question calls for a closer examination of thedel's hypotheses. More precisely, the planned

infrastructure is designed to transport a steanly f whose value is known and expected to remain

steady during the whole project's life. This asstiompallows analyzing the decision in a static and
deterministic framework. In the previous industigalses, this important condition was not fulfilled.
For the "Yamal pipeline”, the initial plan was basen the construction of two parallel 56-inch
pipelines allowing an export potential of 67 BcnBy. now, only one of these two pipelines has been
built with a reduced number of compressors fromattginal plan (Victor and Victor, 2006). As far as
Nabucco is concerned, a phased design has alsodoegted. It relies on a single large-diameter
pipeline with a compression capacity initially asted to transport 8 Bcm/y during the first phase.
Then, continued additions of compression capacity uliimately allow increasing its output to 31
Bcmly, a large flow that justifies a 56-inches deder. In both cases, planner's decision to use an
oversized pipeline diameter reflected the perceivedsive - but uncertain when the pipeline design

was decided - exports perspectives to the Eurogaamarkets. Stated differently, planners expyicitl
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take into consideration the possibility to havendigant, but still uncertain, expansions in thewk

that will be transported during the infrastructsiidetime.

3.2 Overcapacity, an irrational decision?

The aim of this subsection is to propose a simptersion of the Chenery-Yépez framework to take
into consideration the remarks above; hence, ttyamdhe rationality of such a "building ahead the
demand" behaviour. This discussion echoes the lfsdcaapacity expansion problem studied in
economic theory, a field also pioneered by H.B.rigng. In his seminal contribution, Chenery (1952)
discussed the effect of technology on investmertabieur with the goal to illustrate how the
simultaneous presence of growing demand and ecesoofiscale may motivate the construction of
an oversized equipment. Stated differently, Pr.nehng proved thata building ahead the demand”
decision can be rational. Following that contribatithe optimal degree of excess capacity to bk bui
into a new facility has motivated an admirable atmeof literature with a noteworthy extension
provided in Manne (1961) that analyzed the casa @nhdom-walk pattern of trends in demand (see

Luss (1982) for a complete survey).

In this subsection, a simple framework is usedralyze whether that "building ahead the demand"
behaviour can be observed in the gas transmissdirsiry. For expository reasons, a simple discrete
time context will be used (extension to continugession is straightforward). To do so, | focus ba t

case of a firm that, at date=0, is considering the construction of a single-linansportation

infrastructure that is expected to transport a iseeady daily flow of ga€), over a predefined

planning horizon ofY years. Given the long durability of gas transnoissquipments, it is assumed

that there will be no equipment replacements duttiady period.

Compared to the previous models, we now considercise of a possible future expansion of the
output. Hence, there is a known ddte T D{l,...,Y} at the beginning of which the possible output

expansion will be decided or not. The decision oute is still uncertain but is assumed to be

restricted to two cases: either a sudden outpuaresipn to a known valu€),, with Q > Q,; or a

status qudo Q,. The probability to observe a rise @) is denotedp .

If such an additional output was to be decided ctimapest way to accommodate that additional flow

would be the addition of compression horsepowenddethe planner's set of decision variables can

be restricted to three elements: the pipeline diam®, the initial compressor horsepowet,
required to move)),, and the compressor horsepowéy that could eventually be needed to transport

Q, from dateT to Y.
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As previously, LRTC( D H))=1G,( D)+ G, ( H,) is the annual total cost of an equipment

designed to transport a steady daily flé@y during the predefined planning horizoh. Besides,
planners have to take into consideration a possklea compression cost in case of an output
expansion. It is assumed that the increased horsapbl, can be obtained by installing, at the

beginning of yeaiT , more compressors in addition to the existing ates costC, (H,) - C,( H,) .

Clearly, these new compressors will only be usethddy — T .

Evaluated at year , the annual equivalent extra-cost required toalhsind operate these new

compressors durin - T is denotedAC (H,, H,) and is equal to:
AC(Hy, H,) = a,, -[Cs( H,) = Cyf HO)] +C,(H)- C( Hy;

where a, is the fixed-cost annual percentage charge depemethe depreciation and real interest

rates to operate those additional compressorsgrnT . In fact, a. is obtained by computing the

constant annual outlay stream that has an expectsgnt value equal to that of all future costayutl

over the horizolY — T.In most real cases, we haa% >a .

A risk-neutral planner is supposed to minimize éxpected total annual cost of that infrastructure

C(D, H,, Hl) subject to the usual engineering equations:

Min  C(D,H,,H,)= LRTQ( D, H)+ D%AC( H. H)
+r

D,Hg,H; ( )

0
0

st.  F(DH, Q)
F(D H, Q)

Using the previous modus operandi, this problem easily be rearranged into a single-variable

objective function to be minimized. In fact, thetiomal pipeline diameter computed for a probability

p is called D; and must minimize the expected total annual aogttion:
C:DC(D, fy (D), fy (D))

With the functional specifications chosen by Drp¥g, this function has a unigue minimum which is
the only point where the derivative of that funotiwith respect to pipeline diamet& is equal to

zero . Thus, a necessary (and in that case sulffjaiendition for a minimum is:
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dC ..
T (op)=0 ®

That condition has its economic interpretationthegt optimal diameter the marginal increase in the

pipeline cost is exactly equal to the expected maftgeduction in compression cost.

As a benchmark, a planner could find interestingdofront that outcome with the optimal diameter

D; that would have been selected in case of a zetmpility for the sudden net increase in output.

Proposition 2:
Assume a gas transmission firm with a probabilitippan sudden rise in its output at date
T, with costs and engineering production functiondascribed above. For that firm, the

long run optimal combination of equipments to betaled at datet =0 involves a pipeline
diameter D; that is larger than those, denotelag that would have been installed by a

planner that do not take into consideration thisgble future rise in output.

Again, a straightforward proof of that result i®yded in Appendix 2.

In many countries, the level of prices charged ag tyansmission firms is subject to public control
and this result has important implications for tesign of appropriate regulatory policies. In many
cases, a rate of return regulation is implemerifad form of regulation sees costs as exogenous and
observable and forms prices on the basis of obderusts and appropriate rate of return on capital.
One of the principal criticisms that has arisen tfus kind of regulation is based on the so-called
Averch-Johnson effect. According to Averch and mm(1962), the profit seeking behaviour of the
regulated firm subject to rate of return regulatiotuces a distortion in the input choice: the ot
choice of that firm is not the cost minimising ohdore precisely, the capital/labour ratio chosen by
the firm subject to rate of return regulation ieafer than the cost minimising capital/labour réio

the given the level of output. Obviously, suchateshent calls for a condemnation of the tendency of
regulated firms to engage in excessive amountsi@ttde capital accumulation to expand the volume
of their profits. The previous proposition suggeatsather different explanation for the firm's
preference for a capital intensive technology. Héme firm's decision to choose an input mix that
includes a larger diameter/horsepower ratio (inneauist's jargon: a greater capital/energy ratio) is
completely independent of the regulatory environtnench a choice is entirely motivated by an

anticipation of possible future output expansion.

Conclusions

Throughout this article the cost functions for thatural gas transmission industry presented in

Chenery (1949) and Yépez (2008) are discusseckitight of some the key features of that industry.
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A commented review of the Chenery-Yépez methodolbgg enabled the derivation of some
interesting insights such as an empirical quattiibcn of the scale economies encountered in that
industry and an economic analysis of "looping". Btwrer, two notable extensions have been provided
to deal with the case of a seasonal varying ougmat with those of an uncertain future output
expansion. All these results have important imgilices for the design of appropriate regulatory

policies in that industry.

In the vein of Chenery (1949) and Yépez (2008),tdutnical representation of the gas transmission
industry used in this paper remains simple: a tadiieastructure that transports an unidirectioftalv

of gas over a given distance. In many countriesdiévelopment of the natural gas industry came with
the construction of a large meshed transmissiomvark&t and the optimal operation of these
infrastructures offers a stimulating field of resdmafor the operations research community (e.g.:
Hansen et al., 1991; André et al., 2009). Neveg®lthe Chenery-Yépez method has a great merit; it
offers a simple engineering-based approximatiothefcost functions encountered in the natural gas
transmission industry. For this reason, it is wdrstting considered as a valuable tool to get abette
understanding of the gas pipeline economics. Mareol provides an useful complement to the
purely statistical approach in the determinatioprafduction, cost, and factor demand relationsips.

tribute must thus be paid to the late H.B. Chefieris inspiring work.
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APPENDIX 1

All the numerical simulations presented in this gragre entirely based on the following assumptions
chosen for an hypothetical 100-miles long projéct(100 miles). The technical specifications for the

gas are exactly those used in Yépez (2008):

T, base temperature 520R

T mean flowing temperature 535
P, base pressure 14.73 psia
P, initial pressure in the pipe 1070 psia
P, terminal pressure in the pipe 838 psia
G gas specific gravity for the gas in the region .620

Z compressibility factor 0.8835
S dimensionless constant 0.22178

Hence, the dimensionless constants have the follpwalues:c, = 0.742 andc, = 183.2 (Yepez,

2008). The annual cost parameters (in US Dollaespbso those presented in Yépez (2008):

Q

LG D,T) = 7144588 05

»(D

(

) =317.6 D%,
a..C,(H)=1256.33H%"°;

)

0

C,(H)=6145.17H"*%;

Moreover, the pipe thickness is assumed to be a linear function@fthe inside diameter =—.

110
This formulation has been suggested by stabilitpipe concerns (cf. Ruan et al., 2009, p. 3044).
Hence, the annual cost of the line per milerjsC, (D) = 711142';1_;5599D°'881F 0:95¢,

APPENDIX 2

Proof of Lemma 1:

For a given flow of gas to be transportég, it is clear thatSRTQ( QR) > LRT((: D, HR)
(otherwise, there would be an obvious contradictierh (DiR,H*LR) being the unique optimal
solution to the programme (2) as the combinat((ﬁD\;R, fQ(D*sr)) would provide a lower cost). We
now have to prove thaSRTg( QR) = LRT((: D, HR) As a textbook example of a reductio ad

absurdum, we assume thSRTg( QR) > LRT((: D- HR) and have a closer look at the solution
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(DIR, H*LR). As that solution imperatively satisfies the epgiing equation (1), we have a relation
betweenD,, and H : H = fQ(D*LR,). Hence,SRTg( QR)> LRTC(: D HR) corresponds
to SRT%( QR) > LQ)( QR) + CH( g( QF)) Given that the right-hand side of that equatien i

nothing butSRTg( QR) , we have a obvious contradiction wiBy, being the unique diameter that

minimizes the Short Run Total Cost to transgrt Q.E.D.

Proof of Proposition 1:

The short run total cost to transport an averagealyddlow EI on a transmission infrastructure

designed to transport a peak outd}, is given by:

SRTCG, ( D= SRTZ( D—(l—Qi]. g (D

p

where SRTQP( Q is the function described previously that gives 8hort-run total cost to
transport a steady flowQ, and SRTCCE‘YQ ( [) is the short-run total contraction cost. The

derivative of that second function with respectxais equal to:

dD dD Q

dSRTCG, (D)= dSRTG, (D)_(l_ g J_fQ'p (D)_dC‘*(pr(D))

As the diametd}):?p satisfies condition (5), we have:

dSRTCC
a.Qp

Fe g ) )

Since pr is a strictly decreasing function arf@, is an increasing one, the right-hand side of this

equation is strictly positive which means that stert-run total contraction cost is locally strigtl

increasing withD in the neighbourhood of the particular diameTIé;. Given thatSRTC%Q is a

differentiable function with a uniqgue minimum,ritlicates that the optimal diamen’é)(f1 o is on the

p

left of D(; which means thaD-
p q,Q

< ngp . Thus, a gas transmission firms that serves &uaitg
P
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demand (i.e.a< Q,) prefers to choose a mix of inpu‘sﬁ);’Q ,pr (Dqu)) based on a smaller

diameter and a larger compression capacity thars¢hohosen in case of a steady demand equal to

Q,.ie. (D(;p, fo, (D*Qp)). Q.E.D.

Proof of Proposition 2:

As in the proof of Proposition 1, the sketch ofgbm@lies on an evaluation of the sign of the datiixe

of the expected total annual cost function withpees to pipeline diameteD evaluated for the

particular diameterD; . AsC is a smooth function with a unigue minimum, thfsrimation allows
to conclude on the relative size DE and Dp because a negative (conversely positive) valuarigle

suggests thaD, < D, (converselyD, > D).

D; satisfies condition (8) in the particular case p=0. In case ofp >0, the derivative ofC with
respect toD is equal to:
dC

o (Be)=p (1+1r)T 52l (8 1 (8)

Hence, we have to study the sign of the derivaﬁveﬁC( fo, (D), le(D)) with respect toD . As
AC(H,, H,)=a, [ Cy(Hy) = Cy( Hy) |+ C,( H)~ C H)it can be sufficient to prove that the

derivative of Cg( fo, ( D)) - C3( f

QO(D)) and those ofC4(le(D;))—C4(f

o ( D*O)) are both

negative.

Let's start with the increment capital cost the poessors w: D — Cg( fo ( D)) - C3( f

o D)) and

analyze its gradient oD = D; :
G2(05) = o (D2) %G5t (01)) = o (D)< 1o (D)
dD

With the engineering relation at hand, it is clehat pipeline and compression are two substitutes:

any increase in the pipeline diameter reduces tbesépower capacity required to move the gas.

Hence, bothf, (Do) and f, (Do) are strictly negative which gives:
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S200) =] (Ba )t (00) | e (B 1 (0)]

Let us have a look at the sign df, (DO) - fo, (DO) . At this stage, it is worth studying the influence

of the parameteQ on f, (D). A quick study of the function:

-16 gq 6Q°
3D 2 (6 +1)"

h:Qe f,(D)= ; Where6=m,

0

provides the required information. With usual nuitervalues Q< £ < 2), this function is strictly

decreasing. HencefQ'1 (Do) < f('?O( )<O hence‘ ‘ ‘f ‘

With Dr. Yépez's strictly concave and increasingec#firation for C,, we have
Ci( o, (D5)) > Cy( £ (Dy)) > 0.

As a result:
o (P05 fa (u)) | fa (B <y{ fa (84)) > (| fa (B3| fa (D)} x &4 o )
As the right-hand side is strictly positive, weétag%)( DO) <0.

As C, is also a smooth concave functions, a similar thesasoning can also be applied to show that

the derivative 0(34( fo, ( DO)) - C4( fo, ( D*O)) with respect taD is also strictly negative.

dC, .
As a result, we have.d—D(Do) <0. Q.E.D.
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