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Abstract

Stratigraphic inversion of prestack seismic daliawad the determination of subsurface elastic
parameters (density, P and S-impedances). Baseal Bayesian approach, the problem is
formulated as a non-linear least-squares locahuwpdition problem. The objective function to
be minimized is composed of two terms, the first ameasures the mismatch between the
synthetic seismic data (computed via a forward aijpe) and the observed seismic data, the
second one models geological a priori informatiarthee subsurface model.

It is crucial to estimate the a posteriori uncerias because the solution model of the
inversion is only one solution among the rangedmhiasible models that fit the data and the a
priori information . The goal of this paper is tmpose an optimized deterministic method to
estimate a posteriori uncertainties in stratigrapmmversion.

The proposed method is based on the hypothesishbatovariance matrices describing the
uncertainties on the data and on the model arealbtauncorrelated (no cross correlation
among parameters of different traces). Moreoves,dbivariance matrix on the data is also
supposed laterally stationary. Application on 2Dnthgtic PP data illustrates the
performances of the method. Extension and limitetiof the method are discussed.
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Introduction

In a Bayesian approach, which is a natural formutafor many geophysical problems,
solving an inverse problem consist not only inraating the best probable set of subsurface
parameters but to estimate the posterior probghilénsity function (PDF) on the model
space. This is particularly true in seismic fa@aalyses of 4D data where the noise level is in
the magnitude of interpreted parameters : fromiatage to the other very small differences
in subsurface elastic parameters are correlateastenori to production effects (see Nivlet
2007). Presently, numerical methods for estimatibposterior PDF can be gathered into at
least two classes: the class of stochastic appesaghich is mainly formed of Markov Chain
Monte Carlo method, and the class of determinggiproaches which includes linearized a
posteriori analysis. Often actual methods comblaments of the two classes, but their main
features make them belonging to one of them.

In stochastic approaches, no assumption on thenpasPDF function is needed. The Monte
Carlo method consists in sampling the prior PDFctiam in the model space and then uses a
Metropolis type algorithm with a random walk to m#pe posterior PDF function (see
Mosegaard 1998 for example). Considering the laige of the model and data space (up to
10° unknowns and data samples in stratigraphic ineejsand the computational cost of the
forward modelling, this class of method is oftejecéed.

Deterministic approaches are based on a gaussampson of the posterior PDF and also of
all the 'input' probabilities densities. This asption provides an explicit analytical form of
the posterior distribution which can be computed liwer computational cost (see Tarantola
2005). The computation of the posterior distribatfas been the subject of many algorithm
studies, we mention the following techniques: femqry methods using Fast Fourier
Transform (FFT), and direct methods using facttiosatechniques (LU factorisation for
example).

In frequency methods, one solves a sequence of dew@upled linear equations obtained by
transforming a linearized inversion problem inte #ourier domain (see for instance Buland
et al. 2003). Thanks to FFT, this method has thatdige to be very cheap in computational
cost. Its drawback comes from the restrictive agtioms to be postulated: the covariance
function of the prior model has to be stationaryd dmomogeneous (which not allows
applications to complex media with high lateraliaions or with more than one geological
unit), the ratio between the P-wave velocity arel$hwave velocity is assumed to be constant
(which is not the case in general) and finally tmethod works on a linearized AVO
inversion problem (with the loss of the complexifywave propagation).

Direct methods do not need to work on a linearizedion of the inversion problem. Then in

a non linear context, uncertainty analysis consistassuming a gaussian approximation in
the vicinity of the optimal subsurface model whitds been previously estimated via a non
linear optimization method (see Gouveia et al. J998en this approach is less restrictive
than the frequency one. Nevertheless, the estimatidhe posterior distribution is a more

difficult task since it requires the inversion ofr@ry large matrix (its size is nxn where n is
the number of unknowns).

In the following, we first briefly describe an apized method of posterior uncertainty

analysis, based on the deterministic approach eduplith a direct. Then the method is

applied on a 2D synthetic seismic data set corredipg to 2D realistic reservoir zones where
optimal model and its error bars are plotted.

Uncertainty Analysis for Prestack Stratigraphic Inversion

For uncertainty analysis we use the prestack gtegthic inversion algorithm described by
Tonellot et al. 2001 which minimizes the objectiuaction

Jm= R (myrw -

+
ct

[m- m

= Js(m) + Js (M)

2
prior c;ﬂl
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composed of two terms.g(@n) is the seismic term where @) is the Aki-Richards
reflectivity series corresponding to the currenteian and to the angle, w is the wavelet,
and d™ is the observed seismic tracg(nd) is the geologic term where, is the elastic a
priori model. G and G, are the prior covariance matrices describing uag#gies on the data
and on the model, they are assumed here latenadlgrrelated, gis also assumed laterally
stationary. The maximum a posteriori (MAP) modehis model my,s; which minimizes J(m).
Then, by a linearization of Rm) operator, a gaussian approximation of the piost®DF
centered on R is obtained. This distribution is then quantifieg the posterior covariance
matrix

Coos =[ G'W,C{'WyG+C T =[H +C,i1 ™,

post —
q

where G is the jacobian matrix of @&n) in my,scand W is the convolution matrix of the
wavelet at angle . It is straightforward to show that the first tektg is a Gauss-Newton
approximation of the hessian of th m,: The second term, which is the inverse of the
covariance prior matrix on the model is exactly Hessian of J As the prior covariance
matrices are diagonal,pfs is a rxny block diagonal matrix (the parameters are latgrall
uncorrelated) whererns the number of traces . Then computing@equires two steps:
(1) the computation of the matrixgHand
(2) the inversion of thendiagonal blocks of £gs:
The first step can be very high in computationait ¢donot made properly. We have optimized
it using two improvements. The first one is to etar a matrix Z the result of the matrix
products WC,W" . The second one is to use the following explinélgtical formula
ﬂ(Rq)11—1(mx,y) ﬂ(Rq)tz—l(mx,y) (';‘7‘71—1A Wq)1 + 1T(Rzz)u&(mx,y) ﬂ(Rq)tz(mx,y) (ﬁé}lA M/t7)tl—t2—1
ﬂml,plx.y ﬂmz,pz,x,y ﬂml,plx.y ﬂmZ.pZ.x.y
+ ﬂ(Rq)tl(mxy) ﬂ(Rq)tZl(mx’y) (ﬁ/qlA M/Q)ll-12+l + ﬂ(Rq)tl(mxy) ﬂ(Rq)IZ(nky) (ﬁ/qlA M/q)ll-lz
ﬂml,pl,x,y ﬂmZ,pZ,x,y ﬂmlplx,y ﬂmZ,plx,y
which gives the value of the element ((t1,p1,xt¥)f1,x,y)) of the matrix K ). The 4 uplet
(t,p,Xx,y) is a parameter coordinates in the sulbserfrid (t is the time index, p the parameter
type index, x and y the crossline and inline insl)ce71{, is the ' column of the matrix
product C'yW' and A is the cross-correlation product. As the crossetation values

(ﬁ/;A Wq)i = (Zq)—i,t have been previously stored, the computational obdis is then

1-t2

optimized (one no need to recompute these valoes dne trace to the other).

The second step (the inversion of the matrix)ds more conventional: it can be processed
very fast using direct method such as a LU facatine (see Anderson 1999). In fact, the size
of each diagonal block is small (around 1000x1@0®) this step
is naturally parallelisable (each matrix inversioeing send to
one processor).

A typical diagonal block of the matrixdHs shown in Figure 1.
This 3x3 block matrix shows the autocorrelationtlué P-wave
impedance, S-wave impedance, and density on ita diagonal
and the cross-correlation among different paramseteithe off-
diagonal blocks.

Figure 1: one diagonal block of the posterior c@araze matrix
2D synthetic study

The exact model (see raw 1 of Fig. 3 for the edgséirameters) is a 2D crossline of a 3D
realistic model representative of a turbiditic coéexpchannel in a deep offshore environment
(see Bourgeois et al. 2005). The inversion wind®&km long and 960m thick (832 ms) from
1.5km to 2.46km in depth (time range is 600-1432Mkjs area is discretized on regular grid
of 151 traces (one each 20m) and of 417 time sanfplee each 2ms). Using the exact model,
the P-P Aki-Richards reflectivity formuland a 1D convolution operator, a seismic data
set is generated. Four angle-limited stacks arergéed: 05°-15° (see Fig. 2), 15°-25°, 25°-
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35°, 35°-45°. The wavelet used for each angle5s1@-60-80Hz linear band-pass filter. The
prior model (not displayed here) is the exact mdiltelred using a 20-40Hz low-pass filter.
The prior covariance matric€&y and G, are choosen diagonal and respectively filled with a
1% noise-to-signal ratio and 3
5% standard deviation with
respect to the average values
exact elastic parameters:
Poio=465,  %,0=270  and
prio=0.12.

Figure 2: (near section) synthetic seismic (leftsiduals (right)

Then, the MAP model pg: (see raw 2 of Fig. 3) and its associated residisals Fig. 2) are
computed through the inversion process. The estitnglastic parameters are well recovered :
Mpost IS VEry close from ma:and the residuals are almost null (noiseless seidata). Using
the method described previously an uncertainty yamalis processed : absolute) (and
relative (- normalysed by i) Standard deviations for gy are respectively displayed in
raw 3 and 4 of Figure 2. That provides insight itite different degree of data resolution for
the 3 elastic parameters. The prior standard demmiare reduced to the ranges of : 40-100
(8%-20%) for the P-impedance parameters, 44-80 {36%) for the S-impedance and
0.066-0.08 (54%-67%) for the density. It confirrhe talready known fact that for P-P data
the P-impedance is the best resolved parametéowid by the S-impedance and then the
density : left and right parts of Figure 4 respeasti shows that the P-impedance is 1.2 to 1.3
times better resolved than S-impedance and 3 tdifags better resolved than the density.
Note that, this analysis is neglecting the off-diaa terms of the posterior covariance matrix.
A more detailed analysis would consist in genegaiseudo-random realizations of posterior
subsurface models. This analysis is straightforveenceC,os:has been evaluated.

Conclusions

The proposed method, optimized for laterally unelated prior matrices and a laterally
stationnary prior matrix on the data, gives a firgtight towards a complete uncertainty
analysis. Generalization to multicomponent (see &d¥et al. 2007) or 4D prestack joint
inversion is in principle straightforward. The st assumptions may be restrictive.
Nethertheless, for some realistic case, whereample the horizontal correlation length is
small with respect to the horizontal dimensionstieé model, choosing diagonal prior
matrices may be appropriate. Moreover, a patefeing written on the extension of this
method using exponential covariance operator ompitioe model.
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Figure 3: result table of inversion and uncertaetglysis
The result type is in row and the parameter type lumn

Figure 4: " over 5. (left); Foover . (right)
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