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Convergence of nonlinear finite volume schemes for heterogeneous
anisotropic diffusion on general meshes™

Léo Agélas®, Guillaume Enchery®, Bernd Flemisch®, Martin Schneider®*

¢JFP Energies nouvelles, 1 & 4 avenue du Bois-Préau, 92852 Rueil-Malmaison Cedex, France
b Institute for Modelling Hydraulic and Environmental Systems, University of Stuttgart, Pfaffenwaldring 61,
70569 Stuttgart, Germany

Abstract

In the present work, we deal with the convergence of cell-centered nonlinear finite volume schemes
for anisotropic and heterogeneous diffusion operators. A general framework for the convergence
study of finite volume methods is provided and used to establish the convergence of the new meth-
ods. Thorough assessment on a set of anisotropic heterogeneous problems as well as a comparison
with linear finite volume schemes is provided.

Keywords: monotone, finite volume methods, heterogeneous anisotropic diffusion, multi-point

flux approximation, convergence analysis

1. Introduction

In a variety of physical problems, as for example multi-phase flow in porous media, efficient
and robust schemes are required for the discretization of Darcy-type equations. One of the key
ingredients for the numerical solution of this type of equations is the discretization of anisotropic
heterogeneous elliptic terms [I] on highly complex unstructured grids. In order to maintain mass
conservation, the most commonly used schemes applied to Darcy-type equations are either cell-
centered finite volume methods, such as multi-point flux approximation methods (MPFA) [2| 3] 4]
9l 6} [7], or mixed and hybrid schemes, such as the mixed finite element (MFE) [8] [9], the mimetic
finite difference (MFD) [10, 1] or the hybrid finite volume schemes (HFV) [12] [I3]. These mixed
or hybrid methods introduce additional face unknowns, whereas MPFA schemes use interpolation
rules to eliminate these additional degrees of freedom.

Nomne of these schemes are unconditionally monotone for general heterogeneous and anisotropic
elliptic terms and grids. For example, it is proven in [I4] that there exist no linear higher-order

unconditionally monotone control-volume schemes. Monotone schemes are not only desirable in
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terms of reliability, but also because of the improved robustness. Thinking of highly nonlinear
coupled partial differential equations, where secondary variables are calculated using physical laws
and relationships that non-linearly depend on primary variables, unphysical solutions can cause
convergence problems of linear and nonlinear solvers during the simulation run. Relaxation of the
linearity requirement of the schemes allows the construction of nonlinear monotone finite volume
schemes. The first concepts of positivity-preserving or discrete extremum-principles-preserving
schemes have been presented in [I5], 16}, 17 [18].

In this article, the proof of convergence of a family of numerical methods is given. The proof
relies on concepts that have been developed in [4]. It generalizes the one given in [I9] and allows to
prove the convergence for the nonlinear finite volume schemes introduced in [I5] 16 17, 18] 20, 2T]
for which no proof yet existed, as mentioned in [22].

This work is organized as follows: In Section [2] a generic finite volume framework is given,
including the proof of convergence under some hypotheses. In Section [3] this framework is used
to prove the convergence for a specific family of discretizations. The idea of schemes belonging to
this family is the construction of face flux approximations as a convex combination of consistent
linear approximations. In Section [ two representatives of this family, a nonlinear two-point
flux approximation (NLTPFA) and a nonlinear multi-point flux approximation (NLMPFA), are
derived. These approximations are constructed such that the NLTPFA scheme is monotone and
the NLMPFA satisfies discrete extremum principles. Furthermore, sufficient conditions are derived
to guarantee the strong consistency of the fluxes. Additionally, possible face interpolators, for
which the convergence theory holds, are presented. These schemes are compared to linear ones in
Section[f] In the first part the convergence of the schemes is analyzed for a mildly and highly
anisotropic test case on unstructured grids. In the second part 5.2 the schemes are tested for
the extremum-principle-preservation property and it is demonstrated that linear schemes produce
negative solution values, in contrast to nonlinear ones. In the last part of Section [5] the linearity-
preservation property is investigated and the Northeast German Basin serves as a benchmark

problem.

2. Abstract framework

In this section, we present a generic finite volume framework, following ideas that have been
introduced in [4]. In Section 2.1, we define the model problem together with generic finite volume
discretization schemes. In Section[2.2] proof of convergence of these schemes is given. Furthermore,

the existence of discrete solutions is discussed in Section 2.3
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2.1. Model problem and finite volume discretization

Let Q ¢ R, d € N*, be an open bounded connected polygonal domain with boundary 9. Let
A be a symmetric tensor-valued function such that (s.t.) there exist 0 < ap < fp < +00 so that,
for almost every (a.e.) = € €0, the spectrum of A(z) is contained in [ag, Bo]. In the following, the
problem
V- (-AVu)=f inQ,

(1)
=0 on 012,

N

is considered, where f € L"(Q) with r > 1if d = 2 and r = d2—+‘i2 if d > 2. The existence and

uniqueness of a weak solution u € Hg (2) of problem is a classical result.
Remark 1. Other standard types of boundary conditions can be considered. However, for ease of

presentation, homogeneous Dirichlet conditions are considered within this section.

In what follows, the definition of finite volume discretizations for problem and a generic

framework covering fairly general (possibly non-conforming) polygonal meshes is provided.

Definition 1 (Admissible family of discretizations). An admissible family of finite volume dis-

cretizations {Dp }nen is a triplet D,, = (T, En, Prn), where

(i) Tn is a finite family of non-empty connected open disjoint subsets of Q0 (the cells or control
volumes) s.t. Q@ = Uge7, K. For all K € T,,, we denote by mg > 0 its d-dimensional measure

(the volume) and let K < K\ K;

(ii) &, is a finite family of subsets of Q (the faces) s.t., for all o € &,, o is a non-empty closed
subset of a hyperplane of R? with (d — 1)-dimensional measure my, > 0 (the area), and s.t.
the intersection of two different faces has zero (d—1)-dimensional measure. We assume that,
for all K € Ty, there exists a subset Ex of £, such that OK = Uyecg, 0. For a given o € &,,
cither T, < {K €T, |o €&k} has exactly one element and then o C 02 (boundary face)
or T, has exactly two elements (inner face); the sets of inner and boundary faces are denoted

by Enint and &y ext Tespectively;

(i1i) Pn = {xx}tKkeT, 18 a family of points of Q indexed by T, (the cell centers, not required to
be the barycenters) s.t. xx € K and K is star-shaped with respect to xy. For all K € Ty,
and for all o € Ek we denote by di » the Euclidean distance between v and the hyperplane
supporting o. We suppose that there exist 0 < o1, g2, 03 < +00 independent of n s.t.

dK » . min(dg. ¢, dr.o) . diam(K)

min _ > min > min ———= >
KeTn, o€k diam(K) — o 0€Emint, To={K,L} Max(dx o, dr.s) o2, =03
(2)

where hp, denotes the size of the discretization defined by hp, o sup g7, diam(K).
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Figure 1: An example of admissible mesh for d = 2.

Figure [1| presents an example of an admissible mesh in two space dimensions. With items (i)

. cdis - o
and , and since mTK’ is the measure of the convex hull Ak , of xx and o, it is inferred that

VK €T, Y medg,=dmg. (3)

ocefk
For all K € T, and o € £k, we denote the unit vector that is normal to o and outward to K with
the term ng . For all K € T and for all ® € L1(K), we set (®)x e m ! [ ®dz. For vectorial
functions, this notation is meant component-wise. For all vectors x € R™, n € N*| the Euclidean
norm will be denoted by |z e V-x; for all matrices A € R™ x R", n € N*, we shall denote by

x
—|. The vector space of

]

|A| the norm induced by the scalar product of R™, i.e., |A] def SUD, cRd |
bounded linear operators from E to F' will be denoted by L(E; F).

In what follows, when referring to a generic element D,, of an admissible family of discretizations
{D, } nen, the subscript n will be dropped for the ease of reading in the case that no ambiguity

arises. The space of piecewise constant functions on 7 is defined as

def

Hr(Q) = {ve L*(Q)|vx € P°(K), VK € T}.

For all v € Hy and for all K € T, vk will denote the (constant) value of v on K, i.e., v (7) = vi
for all x € K. In order to endow Hy with a discrete H' norm, it is equipped with the following
norm

1/2
def My
ol (52 3 o)

KeT oc€€k ’
where v, € L(H7(Q);PY(0)) is defined as
dr vk + dr oV
YoU =
Vo € Hr(Q), dxotdre
Yov =0 if 0 € Eoxt-

if 0 € &y with 7, = {K, L},

Let a7 (u,v,w) be a form defined for all (u,v,w) € [H7(Q)]?. In what follows, discretizations
for of the form

Find v € Hr(Q) s.t. ar(u,u,v) = / fvdx  for all v € Hy () (4)
Q

are considered.
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Remark 2. Any conservative finite volume scheme is equivalent to a discrete problem of type (4]).
For all K € T, and for all 0 € &k, let Fr, : Hr (Q) x Hr () — P%(o) be a numerical flux
function meant to approximate the diffusive flux flowing out of K through ¢ such that the finite
volume scheme reads: For all K € T,

- Z Fr o (u,u) :/dex, (5)

c€EK

with locally conservative fluxes: for all (u,v) € Hy(Q) x Hyr(Q), 0 € &g and T, = {K, L},
Fr o(u,v) + Fro(u,v) =0. (6)

Then, for all v € H7(Q), by multiplying equation with vg, K € 7, summing up the
resulting equation over K € T, we obtain for any v € Hy (),
- Z Z FKva(u,u)vK:/fvdx. (7)
KeT o€k Q
Thus, for all (u,v,w) € [H7(Q)], we define the form
ef
a7 (u,v,w) def Z Z Fk o (u,v)wg. (8)

KeT o€€k
Then, thanks to and , we obtain a discrete problem of type with a7 defined by . Fur-
thermore, starting from the discrete problem with a7 defined by , equation is obtained
by taking for each K € T, vg =1 and vgr =0 for all K’ € T s.t. K' # K.

Remark 3. One can also easily verify that the discrete problem of type is equivalent to the
problem: Find u € Hy () such that for all K € T

br(w = [ paa.

where the function Ay : v — Ay (v), a mapping from H7(Q) to H7 (), is defined as

(Ar(v)x < ar(v,0,1x), 9)

for each K € T, where 1 is the element of H1(2) equal to one on K and zero elsewhere.

Finally, we introduce the discrete gradient Vp € L£(H7(€); [H7()]4) which is defined such
that for all K € 7 and all v € Hy (),
ﬁpvu( = m—lK Z M, (Yo¥ — VK )NK - (10)
cEEK
For all v € Hy and for all K € T, (Vpv)g will denote the (constant) value of Vpv on K,
ie., ﬁpvm(az) = (Vpv)k for all z € K. Let us notice that Equation together with the

Cauchy-Schwarz inequality yield

Vol < Vdlollr Vv € Hr (). (11)
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2.2. Convergence analysis

The aim of this section is to carry out a convergence analysis for finite volume schemes of type

by assuming the following properties of the form a7 (u,v,w).

Hypotheses 1. Let {D,}nen be a family of discretizations matching Deﬁnition s.t. hp, = 0
asn — oo. Let ® be a dense subspace of HE(Q) s.t. ® C Co(2), where Co(Q) denotes the space
of continuous functions which vanish on 02. For all ¢ € ®, we denote by @7, the element of

Hr, (Q) s.t., for all K € Ty, o1,k = ¢(XK). We suppose that:
(P1) for anyv € Hr, (), v— ar,(v,-,-) is a bilinear form;
(P2) a7, is uniformly coercive, i.e., there is 0 < 1 < o0 independent of n s.t.

V(u,v) € Hr, (Q) x Hr, (), aT,(u,v,v) > 7|lv

2 .
Tn?

(P3) ar, is weakly consistent on ®, i.e., for all p €D,

def 1

ep, () = max — — 0 as n — 0.
(uw)elHr, (12020 [|[v]T,

(12)

art, (u, p,v) —/AV@-%DHU dz
Q

Remark 4. Owing to (3), for a form a7, such as derived from a conservative finite volume
method, Property ( holds for strongly consistent numerical fluxes, i.e. fluxes, for which there

is 0 < C7 < 400 independent of n, s.t. for all p € D,

VK € T,, Vo € &k, rélax(ﬂ) |Fr.o(u,o1,) —me(AVp) kg | < Cimg hp,, . (13)
ueHT,

Indeed, thanks to the conservation of the fluxes (@, after inserting for each o € &y, y,v in the

expression of a7, (u, @, v) given by , we get

arT, (uv (p,U) = Z Z FK,U(uv 907—1,,)(70'1) - vK)' (14)

KeTn 0€€K
Furthermore, using 7 we have
/Ach-%Dnvdx = Z Z m, (AVe) gk g o (7.0 — vK). (15)
2 KeT, 0€€fk

Hence, by taking the difference between and , using and Cauchy-Schwarz inequality
along with (B)), we deduce that ep, () < C1v/dmg hp,, leading to (P3).

The main result of this section is stated in the theorem below.

Theorem 1 (Convergence). Let us assume that Hypotheses hold and that for each n € N, there
exists at least one solution u, € Hp, () to the problem , Then, as n — oo, the sequence of
discrete solutions of problem (), denoted as {u,}nen, converges to the solution @ of in L1(QY)
for all g € [1,2d/(d — 2)) (and weakly in L*¥(@=2(Q) if d > 2).
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Proof. The proof is based on a few technical propositions which are reminded in Section[7] Owing
to the stability estimate together with Theorem there is @ € Hg () s.t., up to a subsequence,
(i) {tn }nen converges to u in LI(R) for all ¢ € [1,2d/(d—2)) (and weakly in L2%(@=2)(Q) if d > 2)
and (i) {Vp, un }nen weakly converges to Vi in [L2(€)]. It only remains to prove that & = .

Let ¢ € ®. Owing to together with (P2) and (P[I), we infer

= d d
IV, (un =7 If2@ye < dllun—o7, |17, < 07 (s tun =7 tn =7 ) = = (T + T2) , (16)

where T) % Jo fun —7,) dz and Ty dof art, (Un, OT,, T, — Un). Since f € L"™(Q) and {uy }nen

weakly converges towards @ in L2(Q) for all ¢ < 400 if d = 2 and for all ¢ = dQ—jIQ if d > 2, we have

Tlﬁ/f(ﬂfgo)dx as n — 00. (17)
Q

Furthermore, we have
at, (Un, PT,,, Un) = (aTn (Un, 7,5 Un) — / Av@'ﬁDnun dx)
Q

+ / AV@%Dnun dx déf Tg,l + TQ,Q.
Q

We observe that T3 < ep, (¢)|un|l7,. Thanks to Proposition [6] |[us||7, is uniformly bounded
with respect to n. Thus, according to property (7 15, —+ 0 as n — oco. The weak convergence
of {ﬁpnun}neN also leads to Th o — fQ AVp-Vudz as n — oo.

Let us now consider T». By Proposition |5} |7, |7, is uniformly bounded with respect to n;
since (7, obviously converges to ¢, it is then easy, using Theorem [2| to see that %Dn w7, weakly
converges to V. Proceeding in a similar way as for art, (un, @7, ,un), we can thus prove that

a, (Un, o7, ¢7,) = Jo AV@-Vodr as n — oo. Therefore,

Ty — / AVe-V(p —u)dz as n — co. (18)
Q

Using the weak convergence of Vp,_ (tn,—@7, ) in [L2(€2)]%, we get that lirginf Vo, (un—eT,)
n o0
V(@ = )llz2 -
Plugging and into the right hand side of , we conclude that, for all p € D,

- d ~ -
IV (= o)y < 2 ( /Q f(@— @) da + /Q AV V(o — ) dx) .

Thanks to the definition of the test space, we can apply this inequality to a sequence {@, bmen € D

which tends to u in H}(Q) and let m — oo; since  solves problem , we obtain

IV = )2,y < % [/Q F(i - 7) de — /Q AVE-V (i - 7) dx} o,
i.e., u = u. Due to the uniqueness of the solution of , we deduce that the entire sequence
{tp }nen converges to @ in LI(S) for all ¢ € [1,2d/(d — 2)) (and weakly in L2¥/(1=2)(Q) if d > 2).
Note that the order in which the limits for n — oo and m — oo are taken cannot be exchanged,

since the sequence {||(¢m)7, |7, .1 }men is possibly unbounded. This concludes the proof. O

llz2)e =
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2.8. Existence of a discrete solution

In this section, we briefly discuss the existence of discrete solutions for problem . Thanks
to Proposition [6] Remark [3] and the application of Brouwer’s topological degree leads to the

proposition below whose proof is omitted here (see Proposition 3.4 in [19] 23] for more details).

Proposition 1 (Existence of a discrete solution). Assume that property (F@ of Hypotheses
holds and that for each n € N, Ay, is continuous on Hy, (). Then, problem admits at least

one solution u, € Hy, (Q) for each n € N.

3. Application to some nonlinear finite volume schemes

An established idea to obtain monotone or extremum-principles-preserving schemes, as those
developed in [15 16} 17, 18| 20, 2T, 24] 9], is to compute for each interior edge o € &y, with
T, = {K, L}, two consistent linear flux approximations Ff ,(u) and Fy,(u) depending on the
unknown u € H7(Q), and to define the final flux Fik ,(u,u) as a convex combination of these
fluxes with coefficients also depending on w:

Fr o (u,u) = MK,U(U)FK,U(U) - :“L’J(U)FL,G(U)a
(19)

with pg o(u) >0, pr.o(u) > 0 and pg,o(u) + pro(u) = 1.
For any K € T and o € Ex N &y, the linear flux FKJ(U) is built in order to ensure the strong
consistency, i.e, there exist ® C Cy(Q2), a dense subspace of Hi(Q), and 0 < C; < +oo depending
only on the mesh regularity , s.t. for all p € ©,

VK € T, Vo € &k, ‘FKJ(W) — my (AVQ) k0| < C1my hp. (20)

In and of Section 4] we specify the choice of the space © related to the strong consistency
property .

The coefficients pk »(u) and py, - (u) are chosen to eliminate the ”bad” parts of FK)g(u) and
FL,U(u), that are responsible for the possible loss of monotonicity. For any K € T, 0 € Ex N Eing
and L € Tk such that 7, = {K, L}, we thus get from the function Fi »(-,-), defined for all
(u,v) € [HT (Q)]?, as

Fi o(u,v) = ,“K,U(U)FK,G(U) - /‘L,U(U)FLJ(U)~ (21)
It is observed that for any o € & with 7, = {K, L}, the fluxes are conservative, i.e, Fi ,(u,v) +
Fr, o(u,v) = 0. Thus, from Section [2| the finite volume scheme defined from the fluxes (|19) is
equivalent to problem with the form as , which is defined from the fluxes . Therefore,

the following corollary can be deduced.
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Corollary 1. Let {Dy}nen be an admissible family of discretizations matching Deﬁm'tion s.t.

hp, — 0 as n — oo. We have the following results:

o if, for alln € N, K € T, and 0 € &k, the functions v — Fk ,(v,v), defined by , are
continuous on Hr (Q) and if the uniform coercivity property (F@ holds, then there exists at
least one solution u, € Hr, () of problem ;

e if, in addition, the strong consistency property is satisfied, then the sequence {up }nen
of discrete solutions of problem , with numerical fluxes defined by , converges to the
solution @ of the continuous problem in L1(Q) for all g € [1,2d/(d — 2)) (and weakly in
L24/(d=2)(Q) if d > 2) as n — co.

Proof. To prove this result, we use the equivalence between the problem and with ar,
defined by . By assumption, we get that for any n € N and for all K € 7, and o € £k, the
function v — Fk »(v,v) is continuous. From and (9)), we notice that the function A7, , defined
here by (A7, (v))x = = ,ce, Fro(v,v) for all K € Ty, is continuous on Hr, (Q2). Therefore,
thanks to Proposition we infer that for each n € N, there exists at least one solution w,, € Hr, (2)
to the problem , which gives the first result. The second one is a consequence of Theorem

since
o the fluxes {Fx (")} keT, ccex are linear on Hr, (), which gives (Pl1)),

e the consistency of the fluxes ( can be obtained by proving the strong consistency of the
fluxes Fi , given by (see Remark [4] which holds by assumption ([20)).

4. Construction of nonlinear finite volume schemes

In the previous section, the proof of the convergence of nonlinear finite volume schemes of type
has been given. In this section, we describe two schemes existing in the literature with some
improvements, where the first scheme is monotone (see [15, [16, 17, 18, 21]) and the second one
satisfies discrete extremum principles (see [19] 24} 25| [20]). Please note that for nonlinear schemes
monotonicity only guarantees that the scheme is positivity-preserving. The presented schemes

differ in the choice of the weights pk o, pir,o (19)-

4.1. Consistent flur approximations
In the following, the fluxes Fi ,(u), Ff, ,(u) are constructed such that holds. The decom-
position of the conormal, defined as (A)xng ,, in a basis (X, — XK ){oesx.,} With coordinates

(ozKﬁU/){J/GSK’G} with Sk » C £k is calculated by solving the following optimization problem
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min Ky + E Qo' subject to
420, GERIEK]

o Wl )
n
Z ~o" KK Z 67 _Ca < - S &o" S Cou
o'€EK |X0', _XK|
for given strictly positive parameters § and C,,. Specifying the final coefficients as
def -~ |(A)gng,
K oo’ = aa’wa (23)
X' — XK|
results in the following conormal decomposition
<A>KnK7O' = Z AK oo’ (XU’ - XK)7 (24)
o'€SK,
where the face stencil is defined as
def /
SK,U == {U S EK | UK oo’ 7£ 0} (25)

This decomposition is used to define consistent flux approximations Fx ,(u), Ff, o(u). The idea of
formulating the conormal decomposition as an optimization problem has been recently introduced

in [26].

Proposition 2. Let D be an element of a family of discretizations matching Definition[1) and let
O ,oor be calculated from (22))-(23). Then, for any ¢ € C*(T) N Co(Q) and K € T, we have the

following estimate:

m, (AVp) gk ng , — m, Z oK oo (P(Xe) — p(xK))| < Cm, diam(K). (26)
o'€SK, s

Proof. We observe that for any ¢ € C?(T) N Cy(Q) and K € T,

m, (AVp)gng . = &/ AVepng ,dz
DI (27)
=—7 / A@)(Vo(x) = Vo(xk))nk o de + me (A) k Vo(Xg ) i 6.
mpyg K
Since K is star-shaped with respect to xx Taylor’s Theorem can be used to infer
II%" / A(@)(Ve(x) — Vo(xk)) g o da| < Cpfom, diam(K), (28)
K JK

where C, = O(||¢|c2(k))-
Let us now estimate the second term in the right hand side of equation . Inserting the
conormal decomposition yields

m, Vo(xk)(A) kK o = m, Z Koo' Vo(XK) (X — XK ). (29)
0'€SK,s

10
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Since K is star-shaped with respect to xg, Taylor’s Theorem can again be used to deduce that

for all o’ € Sk 5,
[p(x01) = p(xK) = Vo(xK)- (X0 — xx)| < Cpdiam(K)?. (30)

Owing to and 7 we get

my Vo(x) (A kKo — My Y 0koo(9(X0) = p(xk))| < My Copdiam(K)? D Jak oo

0'€SK. o 0'€SK. o
(31)
Due to the constraints of the optimization problem , we observe that for all o’ € Sk 5,
A o
|04K,JJ’| é Cam~ (32)
\ng - XKl
We thus deduce from (2) that for all o/ € Sk o,
CQ/BO
oo’ S . . 33
k00| ordiam(K) (33)

Using and , it follows that

m, Vo(xk)- (N KNk e — My > koo (9(Xe) = o(xx))| < €| M, cwca% diam(K).
oc'€SK, s
(34)

Then, including and the following desired estimate is obtained from

Cal€ ,
me(AVQ) kDKo — My Y koo (9(Xer) = 0(xK))| < Cuo <1 + 91K|) m, diam(K),
0'€SK,
(35)

which completes the proof. O

Corollary 2 (Strong consistency). Let D be an element of a family of discretizations matching
Definition[1l Let ak oo be calculated from -. Let © be a dense subspace of Hg(S) s.t.
DCCHT)NCHQ). Foro € &, let I, € LIHF(Q);P(0)), be a trace reconstruction operator
such that for all p € D

[Iop1 — p(xq)| < 0h, (36)

where o > 0 only depends on the mesh regularities . Then, the linear fluxes defined as

FK,J(U) = My Z aK,Ua’(Ia"’U*UK), V'UEHT(Q),KGT,CTESK, (37)

0'€SK, o

satisfy the strong consistency assumption .
Proof. Thanks to Proposition [2| we obtain that for all p € ®
m,(AVp)gng , — FK’U(@T)‘ < Cm, diam(K)

+m, max |07 — @(X57 )] E |C¥K,oa/ .
0'€SK, o
’ 0'E€SK,

11
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Cal€k|fo

However, thanks to , we have Z ok oor| < Qle(K)

0'€SK,s

and then from we deduce
that

m, (AVy)k Nk 5 — FK,D—(QOT)‘ < Cm, diam(K)
+Ca|5K|ﬁo m, (39)

I — o' )|-
01 diam(K) G’Iggﬁo | L (p(X )|

On one hand, for any K € T, we have diam(K) < hp. On the other hand, thanks to , for any

1 1
K e T, we get dam(K) < ol Therefore from 7 we infer

me(AVQ) g g, — FK,U(@T)’ <Cmg hp

ColbclBoma o 11y — olx0r)] "
0103 hp o/€Sk. * ’

The strong consistency of the fluxes follows due to assumption . O

4.2. Choice of trace reconstruction operators

With the result obtained in the last section, we now propose choices for the space ® and the
trace reconstruction operators I, € L(H7(Q);PY(c)). The first choice consists in taking for all
u € Hy(),0 € En:

D =C(Q),
41
Iau = Z /BK,(;UK’ ( )
KeB,

where B, is a subset of 7 with card(B,) > d, and (Sk.)ken, is a family of nonnegative real

numbers such that Z Bk =1 and x, = Z Bk ,«XK. Both choices in ensure that

KeB, KeB,
Corollary [I] is satisfied for the nonlinear finite volume schemes considered in Section [3 with the

assumption that the permeability A belongs to L>°(£2). Our result is thus an improvement of the

convergence result obtained in [I9] which requires A to be piecewise Lipschitz-continuous on {2.

However, the choice of a convex combination made in , and in [I9] as well, does not allow
us to retrieve exactly piecewise linear solutions of problem for heterogeneous permeabilities A
which are cell-wise C? on ). This choice may lead to non-physical solutions of problem for
this kind of permeability functions. To handle these cases, we propose a second choice for ® and

the trace reconstruction operators. To that purpose, we make the following hypotheses.

Hypotheses 2. (Q1) Py def {Q}iz1..Ng 18 a finite partition of Q into open connected disjoint
polygonal subsets,

Q2) A is a symmetric tensor-valued function such that Ajq. € [C?(Q;)]?*? for alli=1...Nq,
12

(Q3) T is compatible with Pq (each cell is contained in one element of the partition Pq ).

12
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We then suggest, with these additional assumptions, to take, for all u € Hy(Q),0 € Eint:

D=0,

I,u =wgug +wrur,

(42)

where Q is defined and proved to be dense in H}(2), as described in Proposition 3| and wy and
wy, given below, are the coefficients defining the harmonic averaging interpolator introduced in
[27]:

B dr.0TK,o " dK,TL,0
- ) L
dL,O'TK,O' + dK,G‘TL,O‘

WK = )
dL,JTK,cr + dK,O'TL,G‘

TK,o =N o (N kKo, Too =n0r,(A)rng o,

dKO'dLO'
X, = WXk +wrXp + —— Mg —(A)p)ng.,.
KXK +WLXL, dL,gTK,g+dK,aTL,a(< )k — (A)r)ng,

With the same ideas as the ones used for the proof of Lemma 7 in [4] and the additional Hypotheses
the property is satisfied with the choices .

The previous strategies can be generalized with the following reconstruction operator

Lyu= Y wiola, Y wmoe=1, wue >0, (43)
MeZ, MeZ,

with interpolation index set Z,. It is assumed that wy, = 0 if M &€ Z,. In the next sections,
two nonlinear schemes are derived by using the consistent flux approximations with trace

reconstruction operators (43)).

4.8. Nonlinear Two-Point Flux Approximation
In this section, a nonlinear two-point flux approximation (NLTPFA) is derived, using concepts
presented in [I6], 17, I8, 2T]. Inserting into 7 using the reconstruction operator ,

reordering the terms and using the fact that Z wy = 1 yield:
MeI,

Fi o(u,v) =tp o (uvr — tko(W) vk — (pr,o(WALe (V) = pir,o (W) AK,0(V)), (44)

défRK)a(u,v)

with the transmissibilities

tK,U(”) = My MK,U(U/> Z Z OK oo'WM,o! + :U’L,O'(u) Z Z ar oco'WM,o!

0'€SK,e Me{Z,/\{K}} 0'€Sr,6 Me{Z,N{K}}

tL,t/’(”) =g | UL,o (U) Z Z QL. oo'WM,o’ + MK,U(U) Z Z QK oo'WM,o!

0'€81,0 ME{T,\{L}} 0'€SK, 0 ME{T,/N{L}}
(45)
and
Ao (v) € mg > > UK ,00'WM,0' UM s
0'E€SK, 0 ME{T,\{K,L}} (46)

)\L,o(v) = Mgy E E AL oco!'WM,0’ UM -

o’'€Sr,c Me{Z /\{K,L}}
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In order to obtain a nonlinear two-point flux approximation, the following weights are considered:

pr.o(u) =05, ppe(u)=0.5, if Apo(u) = Ag,o(u) =0,
47)
AL (w) Ao ()] . (
UKo (u) = : . oo (u) = : ) otherwise.
Ao (W) + [AL o (u)] Ao (w)] + [AL o (u)]
Therefore, from ([#4)), the flux Fi o (u,u) reads:
Fr o (u,u) = tp o (u)ur, — tr o (u)urx — Ric.o(u,w). (48)

Under the assumption that Az ,(u)Ag o (u) > 0, it is inferred from that:
Fro(u,u) =t o(Wur — tr o (W)uk. (49)

By virtue of , we thus get a nonlinear two-point flux approximation. However, to get the
convergence of the finite volume scheme defined by the fluxes using Corollary (1} the function
u + Fr »(u,u) must be continuous, which is not a priori the case. The problem comes from the
definition of the function w +— pg »(u) for which discontinuities can appear. Thus, in order

to guarantee the continuity of the function v — Fk »(u,u), we finally choose the weights as:

AL o(u)| + €
() = — Do)

D) e
= Pra)] + Pro@] v2e Pae

= e+ Pea@irze 00

with € > 0 such that 0 < € < hp mi? m,. Thus, the convergence of the finite volume scheme
oc

defined by the fluxes with weights is obtained thanks to Corollary
Let us now discuss the monotonicity of the finite volume scheme defined by the fluxes .
First, we observe that, under some conditions, we can rewrite the flux Fk ,(u,u) given by the

expression (48)) to obtain a nonlinear two-point flux approximation. Indeed,

e if we have

Ry o (u,u) =0, (51)
then the flux Fk ,(u,u) given by becomes:
Fro(u,u) = tr o (Wur — tg o (wur;
o if we have
Ry o (u,u) >0 and ug # 0, (52)

then the flux Fx ,(u,u) given by can be rewritten as:

Ry o(u,u) ) -

Freo () = 1,0 (u)ur, — (tK,a<u> ;
UK

e if we have

Ry o (u,u) < 0 and uy, # 0, (53)
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then the flux Fr ,(u,u) given by can be rewritten as:

Ry o (u,u
Fro(u,u) = <tL7[,(u) - Ku(L)> ur, — ti,o(W)uk.
Furthermore, under the assumption that
)\L’U(U)AK’J(U) Z 0, (54)

the flux Fi ,(u,u) defined by with weights can be rewritten as:

ALo(u) — Ak o (u)
Ao ()] + [ Ao (u)| + 2€

Fro(u,u) =tro(w)ur —txo(w)ux — €

déf@;{,g(u)
where we observe that
€0 ()] < c. (56)

Thus, thanks to Equation and inequality , it is inferred that under the assumption that
ALo(W)Ak o (u) > 0, the flux Fg ,(u,u) defined by with weights is close to a nonlinear
two-point flux approximation provided that e is sufficiently small.
Thus, for the monotonicity property of the scheme, we get the following result:

Provided that for all o € &y, with 7, = {K, L}, one of these four conditions ,, or
holds, and the values ux as well as the ax and wg coefficients are nonnegative, then the resulting
discretization matrix is an M-matrix (for sufficiently small € for the case that the condition
is used).

If in addition to that, the source term f is nonnegative, the positivity-preservation of the scheme

using a Picard method can be proven (see [17]).

4.4. Nonlinear Multi-Point Flux Approzimation

In this section, we mainly follow ideas presented in [19} 24} [25]. For the derivation of a nonlinear
multi-point flux approximation (NLMPFA), the fluxes are split as follows

Fro(v) % ) () + F2 (v), -
Fpo(v) € B (0) + F2) (v),

o
with

F]((IL-(U) = My aK,anL,U(UL - vK)a

Fél,()f(v) = My aL,UowK,U(UK - UL),

F[(?,L(U) =My QK oo Z WM,U(UM _UK)+ Z mo'aK,O'O'/(IO'/U_UK)7

Me{Z,\{L}} o'e{Sk,s\{o}}
ng(v) =M, QL oo Z wi,e (U —vr) + Z My f oo (L0 —v1).
Me{Z,\{K}} o'€{SL,o\{o}}
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The weights are chosen as

WK = prq. =05, if Fig) =F =0,

£ , (58)
Ploe = =2y (2@ otherwise.
|FK,o'| + ‘FL70|

E)
ﬁ’
|ES |+ 12

HK .o =

This choice results in the final flux approximations

Fico (10,10) = pusc.o () FR, () = oo () F{1) () + pe.o () (1= sign (B2, () F2) (w) ) B2, (),
~ (1 ~ (1 . = (2 = (2 ~(2

Fro (,u) = i () F{1) () = pae.o () PR, () + pon o (w) (1 = sign (B2, () FL) () ) FE2) (w),
where the flux conservation Fg ,(u,u) + FL o(u,u) = 0 is obtained. Under the assumption of
nonnegative coeficients wys,», ¢k, 00, discrete extremum principles can be proven for this scheme
(see for instance [19] 20]).

Again, the function v — Fi ,(u,u) defined by is not a priori continuous when F}?L(u) =
ng(u) = 0. To guarantee the continuity, a splitting of the factors ax sowr s and ap soWk o is

carried out in the following way

AK ocoWL,o — Ba + (aK,JO'wL,O' - 50)7

AL ocoWK,oc = B + (aL,UaWK,U - 50)7

with f, = min(ak coWr 0, OL,coWik,s). Thus, the fluxes I:"Kyg(u), Z:"L,,,(u) from are rewritten

as follows
Fro(v) & F (0) + F) (v), .
Fro(v) & FLY (0) + F (v),

with

Fl((l,)g(v) = My ﬁa(vL - UK)7
Fil) (v) = —F{ (v),

,0

B2 (v) = mo(ag eowio — Bo) (v = VK) + Mg Ok oo D wrre(var — vi)

Me{Z,\{L}}
+ Z ms OéK,cra"(Ia"U *'UK)a
o'€{Sk,s\{o}}
12 (0) = Mo (AL oowk,o — Bo)(Vx — VL) T Mg Lo Y. wre(var —vL)
Me{Z,\{K}}

+ Z My Lo (Lo —vL).
o’'e{Sr,.\{o}}
The weights, px , and pr o, and the fluxes, Fi ,(u,u) and Fp ,(u,u), are still defined by
and 7 respectively. Now, let us consider the case where I:"[({Q ) (u) = ﬁ‘fi(u) = 0 for which the

[ea

functions jix , and ur,, are not continuous. However, since F éli(v) = —F [((127(1/), the final flux
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does not depend on these functions. In fact,

Fro(wu) = pro()EQ) (w) = ppo(w) ) (u)
= (uro(u)+ uL,a(U))Fg,)U(U)
— F};Z,(u),

which means that for all K € T, 0 € Eg, the function v — Fik »(u,u) is continuous on Hr ().
The above flux splitting only makes sense if the coefficients ax 5, @1, 00 are positive. This is done
by adding the constraints

QK oo > 60¢7 qL.oo > 6(17 (61)

to the optimization problem . Thus, the convergence of this scheme is obtained thanks to
Corollary

5. Numerical results

In this section, the behavior of the above mentioned nonlinear finite volume schemes is in-
vestigated and compared to linear schemes. The NLTPFA scheme is given by equation with
weights , the NLMPFA scheme by equation , , the weights and the additional con-
straints for the conormal decomposition. The scheme with fluxes and constant weights
UKo = i, = 0.5, which results in a linear scheme, is denoted as AvgMPFA . In Section
the convergence behavior of these schemes is analyzed for a mildly and highly anisotropic test
case. In Sections and we compare these schemes to the Box method [28], 29] that uses
finite-element basis functions on each cell to calculate fluxes over sub-volume faces. Further, in
Section discrete extremum principles are investigated and in Section benchmark test cases
are considered. So far, the reconstruction operator I, has not been specified. From now on, the
harmonic averaging interpolator is used.

For measuring the coercivity of the scheme, the following estimate is defined

def @t (u,v,v)

er(u,v) = (62)
[vll7
The impact of the term Rk ,(u,v) in the NLTPFA expression is quantified with
def
er(u,v) = max |Rg(u,v)|. (63)

KeT,0e€k

For simplicity, we define e, def er(Un, Un), ET 0 def er (Un, un, — ), and analogously er n,€r.n-
All simulations are performed using the open-source simulator DuMu* [30], which comes in
the form of an additional DUNE module [31I]. Newton’s method is used for solving the occuring

nonlinear systems of equation. The nonlinear iteration loop is stopped if the absolute residual
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is below 107°. The optimization problem is solved using a Primal-Dual Simplex Method

provided by the open-source library GNU Linear Programming Kilﬂ (GLPK).

5.1. Convergence rates

Within this section, the computational domain is chosen as € = [0, 1]2. Furthermore, Dirichlet
conditions are set on the whole boundary consistent with the exact solution. The grids that are
used to analyze the convergence behavior of the schemes are shown in Figure 2} These meshes are

refined such that the pattern remains unaffected.
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Figure 2: Grids used for the convergence tests. From left to right: non-matching, randomly distorted and twisted

grid.

The first test case analyzes the convergence rates for a homogeneous mildly anisotropic tensor

1.0 0.5
0.5 1.0

A= (64)

with the exact solution @(z,y) = 1 + sin(rz) sin(my) and the corresponding source term as f =
—V-(A Va).

Table [[H3] list the error norms for the NLTPFA, NLMPFA and AvgMPFA schemes. It is ob-
served that all schemes converge approximately with second order in the L?-norm and at least
first order in the H'-norm. Furthermore, the coercivity estimates et ,,, €7, seem to be bounded.
The number of Newton iterations are quite small for the NLTPFA scheme. The Newton method
converges within three iterations, whereas the NLMPFA method needs approximately 3 — 6 iter-
ations.

In the next example, the tensor is changed to investigate the behavior for high anisotropy

ratios.
1 B2 +y?
w2+t \ (B 1)y

(B -1y

Az,y) = 24 By

(65)

Thttp://www.gnu.org/software/glpk /glpk.html
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Table 1: Discrete error norms, convergence rates (¢r) and number of nonlinear iterations (nlt) for the mild

anisotropic test case on non-matching grids.

scheme | n | |lup =0l o |u,—7llr e ern €r, nlt hop
1 1.90e-02 0.00 1.45e-01 0.00 244 1.09 3 5.59e-01
2 6.50e-03 1.54 8.42e-02 078 246 1.06 3  2.80e-01
3 1.78e-03 1.87 4.28e-02 097 246 1.03 3 1.40e-01
NLTPFA | 4 4.55e-04 1.97 2.13e-02 1.01 247 1.01 3 6.99e-02
5 1.14e-04 2.00 1.05e-02 1.02 2.47 1.00 2 3.49e-02
6 2.84e-05 2.00 5.18e-03 1.02 247 1.00 2 1.75e-02
7 7.08e-06 2.00 2.57e-03 1.01 247 1.00 2  8.73e-03
1 2.53e-02 0.00 2.06e-01 0.00 242 1.11 4 5.59e-01
2 8.57e-03 1.56 1.26e-01 0.71 247 1.12 5  2.80e-01
3 2.09e-03 2.04 5.55e-02 1.18 247 1.07 5 1.40e-01
NLMPFA | 4 4.95e-04 2.08 2.47e-02 1.17 247 1.04 5  6.99e-02
5 1.19e-04 2.06 1.14e-02 1.12 247 1.02 4 3.49e-02
6 2.90e-05 2.03 5.41e-03 1.07 247 1.01 5 1.75e-02
7 7.16e-06 2.02 2.63e-03 1.04 247 1.01 4 8.73e-03
1 1.80e-02 0.00 1.37e-01 0.00 245 1.08 1 5.59e-01
2 6.43e-03 1.49 8.19e-02 0.74 246 1.06 1 2.80e-01
3 1.76e-03 1.87 4.14e-02 0.99 247 1.02 1 1.40e-01
AvgMPFA | 4 4.50e-04 1.96 2.07e-02 1.00 2.47 1.01 1 6.99e-02
5 1.13e-04 1.99 1.03e-02 1.01 247 1.00 1 3.49e-02
6 2.83e-05 2.00 5.13e-03 1.00 2.47 1.00 1 1.75e-02
7 7.07e-06 2.00 2.56e-03 1.00 247 1.00 1 8.73e-03

with 8 = 1073, The exact solution is the same than in the previous example. The anisotropy
ratio is given as % The integrated source term and the averaged tensor (A)x are calculated
using a fifth-order quadrature rule. For this test case, faces exist where the conormal cannot be
decomposed with only positive coefficients. Negative coefficients especially occur on the randomly
distorted grid. Therefore, the calculation of eg ., €r,, is included. Please note that these values
are rounded to the eighth decimal place.

Table [@H] list the error norms of the NLTPFA, NLMPFA and AvgMPFA schemes for the high
anisotropy test case. It is observed that all schemes converge approximately with order 1.5—2.0 in
the L2-norm and order 0.7 — 2.0 in the H'-norm. Furthermore, the coercivity estimates e, €T n
seem to be bounded. However, the behavior of ey, is unclear for the non-matching grid. The

number of Newton iterations are again quite small for the NLTPFA scheme. The Newton method
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Table 2: Discrete error norms, convergence rates (¢r) and number of nonlinear iterations (nlt) for the mild

anisotropic test case on randomly distorted grids.

scheme | n | |lup =0l o |u,—7llr e ern €r, nlt hop
1 2.26e-02 0.00 1.71e-01 0.00 277 097 3 4.18e-01
2 7.27e-03 2.02 8.88e-02 1.17 2,52 1.08 3  2.38e-01
3 2.10e-03 1.77 3.61e-02 1.28 2.54 1.06 2 1.18e-01
NLTPFA | 4 6.12e-04 2.04 1.77e-02 1.17  2.51 1.07 2 6.46e-02
5 1.59e-04 1.96 9.10e-03 097 251 1.05 2 3.25e-02
6 4.05e-05 1.97 4.52e-03 1.01 2.50 1.07 2 1.63e-02
7 1.08e-05 1.93 2.27e-03 1.01 2.50 1.07 2 8.18e-03
1 3.14e-02 0.00 2.53e-01 0.00 274 098 4 4.18e-01
2 8.05e-03 2.42 1.03e-01 1.60 2.49 1.01 5  2.38e-01
3 2.21e-03 1.84 4.53e-02 1.17  2.52  1.00 6 1.18e-01
NLMPFA | 4 1.10e-03 1.15 2.16e-02 1.23 2.50 1.01 6 6.46e-02
5 2.95e-04 1.92 1.01e-02 1.10 2.50 1.03 6  3.25e-02
6 8.36e-05 1.82 4.80e-03 1.08 2.50 1.05 6 1.63e-02
7 2.23e-05 1.92 2.32e-03 1.06 2.50 1.06 6  8.18e-03
1 2.69e-02 0.00 1.93e-01 0.00 2.82 0.95 1 4.18e-01
2 8.84e-03 1.98 9.16e-02 1.32 254 1.03 1 2.38e-01
3 2.45e-03 1.83 3.58e-02 1.34 2.54 1.03 1 1.18e-01
AvgMPFA | 4 6.92e-04 2.10 1.74e-02 1.19 2.51 1.06 1 6.46e-02
5 1.73e-04 2.01 8.86e-03 098 251 1.06 1 3.25e-02
6 4.41e-05 1.98 4.40e-03 1.01 2.50 1.07 1 1.63e-02
7 1.17e-05 1.93 2.21e-03 1.01 2.50 1.07 1 8.18e-03

converges within three iterations, whereas, the NLMPFA needs more iterations. In particular for
the randomly distorted grid, the number of Newton iterations increases with grid refinement for
the NLMPFA scheme. Moreover, the estimates eg ., €r,, are quite small and bounded, such that
this term is in O(1).

In the last examples, it has been observed that the convergence behavior of the NLTPFA,
NLMPFA and AvgMPFA schemes is quite similar. Furthermore, the schemes seem to be coercive
for these test cases. The main drawback of the NLMPFA scheme is the fact that it requires more
Newton iterations, and that the number of iterations partly depends on the discretization length

hp.
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Table 3: Discrete error norms, convergence rates (cr) and number of nonlinear iterations (nlIt) for the mild

anisotropic test case on twisted grids.

scheme | n | |lup =0l o |u,—7llr e ern €r, nlt hop

1 1.70e-02 0.00 1.32e-01 0.00 2.74 0.95 3 4.26e-01

2 8.21e-03 1.24 8.14e-02 0.82 257 097 3 2.37e-01

3 3.03e-03 1.46 3.11e-02 1.41 249 0.76 2 1.20e-01

NLTPFA | 4 8.95e-04 1.79 9.51e-03 1.73 246 0.64 2 6.06e-02
5 2.38e-04 1.92 2.57e-03 1.89 2.45 0.59 2 3.04e-02

6 6.10e-05 1.97 6.57e-04 1.97 245 0.57 2 1.52e-02

7 1.54e-05 1.99 1.65e-04 1.99 245 057 2 7.60e-03

1 2.31e-02 0.00 1.93e-01 0.00 2.66 1.02 3 4.26e-01

2 6.88e-03 2.07 8.48e-02 1.40 2.52 1.00 5  2.37e-01

3 4.83e-03 0.52 5.88e-02 0.54 250 0.70 5 1.20e-01

NLMPFA | 4 1.63e-03 1.59 2.74e-02 1.12 247 0.57 5  6.06e-02
5 4.35e-04 1.91 9.87e-03 148 245 0.55 5  3.04e-02

6 1.12e-04 1.96 3.34e-03 1.56 2.45 0.60 5 1.52e-02

7 2.97e-05 1.92 1.12e-03 1.58 2.45 0.66 ) 7.60e-03

1 2.05e-02 0.00 1.43e-01 0.00 2.78 091 1 4.26e-01

2 9.94e-03 1.23 8.66e-02 0.86 2.59 091 1 2.37e-01

3 3.78¢e-03 1.42 3.56e-02 1.31 2.50 0.69 1 1.20e-01

AvgMPFA | 4 1.13e-03 1.77 1.15e-02 1.66 2.46 0.56 1 6.06e-02
5 3.00e-04 1.91 3.17e-03 1.86 2.45 0.51 1 3.04e-02

6 7.65e-05 1.97 8.15e-04 1.96 2.45 0.49 1 1.52e-02

7 1.93e-05 1.99 2.05e-04 1.99 245 049 1 7.60e-03

5.2. Discrete extremum principles

The following two examples investigate whether the schemes satisfy discrete extremum princi-
ples. In the first example, the tensor is again considered. The boundary conditions are u = 0
on 9Q and Q = [0,1]? is discretized with a regular cartesian grid. The source term is f = 10
in (0.5,1)% and f = 0 elsewhere. The weak solution of this test problem is positive within the
domain, because of the non-negativity of the source term and the chosen boundary conditions.
Figure [3] shows the numerical results of the Box, AvgMPFA, NLTPFA and NLMPFA schemes.

It can be seen that the linear schemes produce unphysical negative solution values, whereas the

undershoots produced by the nonlinear schemes are in the range of the solver tolerance.

The next example investigates another test case without a source term. The domain and the

grid are shown in Figure with an inner and an outer boundary. The Dirichlet values u = 10° and
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Table 4: Discrete error norms, convergence rates (cr) and number of nonlinear iterations (nlt) for the high anisotropy

test case on non-matching grids.

scheme n | ||un, —°lze cr lun, —Tll7 e  erm Ern €rn €Rrn nlt
1 5.99e-02 0.00 5.20e-01 0.00 1.01 0.51 0 2.34e-02 3

2 1.76e-02 1.76 2.62e-01 0.99 0.70 0.40 0 1.23e-02 3

3 6.45e-03 1.45 1.61e-01 0.70 0.40 0.28 0 4.23e-03 3

NLTPFA | 4 2.35e-03 1.46 1.10e-01 0.55 0.28 0.18 0 1.44e-03 3
) 8.00e-04 1.55 7.35e-02 0.59 0.24 0.11 0 4.45e-04 3

6 2.56e-04 1.64  4.68e-02 0.65 0.23 0.08 0 1.26e-04 3

7 7.81e-05 1.71 2.84e-02 0.72 0.23 0.05 0 3.30e-05 3

1 6.81e-02 0.00 5.98e-01 0.00 1.01 0.49 0 0 6

2 2.05e-02 1.74 3.24e-01 0.88 0.71 0.41 0 0 6

3 6.78e-03 1.59 1.80e-01 0.85 0.41 0.29 0 0 10

NLMPFA | 4 2.41e-03 1.49 1.17e-01 0.63 0.28 0.18 0 0 12
5 8.20e-04 1.56 7.65e-02 0.61 0.24 0.11 0 0 9

6 2.62e-04 1.64 4.82e-02 0.66 0.23 0.08 0 0 13

7 7.95e-05 1.72 2.91e-02 0.73 0.23 0.05 0 0 18

1 5.70e-02 0.00  4.94e-01 0.00 1.00 0.51 0 0 1

2 1.67e-02 1.77 2.52e-01 0.97 0.70 0.42 0 0 1

3 6.23e-03 1.42 1.59e-01 0.67 0.40 0.28 0 0 1

AvgMPFA | 4 2.34e-03 1.41 1.11e-01 0.51 0.28 0.17 0 0 1
5 8.10e-04 1.53 7.51e-02 0.57 0.24 0.11 0 0 1

6 2.61e-04 1.63 4.78e-02 0.65 0.23 0.07 0 0 1

7 7.93e-05 1.72 2.90e-02 0.72 0.23 0.05 0 0 1

as u =0 are set at the inner and outer boundaries, respectively. Therefore, the solution is expected
a5 to be within these bounds.

a16 Figure[5]shows the numerical solutions of the Box, AvgMPFA, NLTPFA and NLMPFA schemes
a7 on a three times refined grid. All schemes fulfill the maximum principle, whereas the minimum
ss  principle is violated by the linear schemes. The undershoots of the AvgMPFA scheme are above
no 4% and those of the Box scheme above 2%.

420 The small negative undershoots of the nonlinear schemes are caused by Newton’s method.
a1 These undershoots can be prevented by using other nonlinear solvers such as Picard’s method or
«2 enhanced solvers [32].

223 The above test cases exhibit how nonlinear schemes are capable to reproduce physical solu-

24 tions, whereas linear schemes can produce negative values. When solving highly complex partial
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Table 5: Discrete error norms, convergence rates (cr) and number of nonlinear iterations (nlt) for the high anisotropy

test case on randomly distorted grids.

scheme | n | [u, =Tl e up—7ullr o ern €rn €rn  €rn  nlt
1 7.26e-02 0.00 5.88e-01 0.00 1.36 0.52 0 5.61e-02 3

2 2.97e-02 1.59 4.19e-01 0.60 1.37 037 045 4.90e-02 3

3 8.66e-03 1.76 2.03e-01 1.03 1.46 0.49 0 8.06e-03 2

NLTPFA | 4 9.37e-03 -0.13 3.55e-01 -0.93 140 0.27 0.79 1.77e-02 2
) 3.63e-03 1.38 2.59e-01 046 142 0.22 1.15 1.39e-02 2

6 1.12e-03 1.69 1.34e-01 095 144 030 0.84 5.23e-03 2

7 2.83e-04 2.01 6.81e-02 099 144 030 1.25 1.71e-03 2

1 9.87e-02 0.00 7.63e-01 0.00 1.29 047 0 0 5

2 6.07e-02 0.86 7.61e-01 0.00 1.19 0.21 0 0 7

3 1.62e-02 1.88 2.49¢-01 1.59 1.40 0.37 0 0 9

NLMPFA | 4 2.84e-02 -0.93 6.24e-01 -1.52  1.27 0.22 0 0 16
5 1.09e-02 1.40 3.83e-01 0.71 137 0.18 0 0 18

6 3.83e-03 1.50 1.80e-01 1.09 1.42 0.24 0 0 24

7 1.30e-03 1.58 8.30e-02 1.13  1.43 0.26 0 0 54

1 6.60e-02 0.00 5.22e-01 0.00 1.58 0.60 0 0 1

2 3.13e-02 1.33 3.97e-01 0.49 142 0.55 0 0 1

3 1.38e-02 1.16 2.57e-01 0.62 149 0.91 0 0 1

AvgMPFA | 4 9.14e-03 0.69 3.35e-01 -0.44 143 1.24 0 0 1
5 3.32e-03 1.47 2.31e-01 0.54 144 0.49 0 0 1

6 1.36e-03 1.29 1.42e-01 0.70 144 0.77 0 0 1

7 3.93e-04 1.81 7.17e-02 1.00 1.44 0.38 0 0 1

w5 differential equations, where secondary variables non-linearly depend on primary variables, such
w6 negative values can strongly influence the efficiency of the scheme, in terms of linear and nonlinear

a7 solver convergence.

ws 5.8, Benchmark examples

429 In this last section, three-dimensional benchmark test cases are considered. The first example
a0 investigates the linearity-preservation property of the schemes. The considered domain and the

a1 grid are shown in Figure |§| (right). The domain consists of two sub-domains ©; and Q5. The
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Table 6: Discrete error norms, convergence rates (cr) and number of nonlinear iterations (nlt) for the high anisotropy

test case on twisted grids.

scheme n | ||un, —°lze cr lwn — @7 cr eTn €Tm ERn Crn nlt

1 5.15e-02 0.00  4.14e-01 0.00 1.59 0.52 0 4.66e-02 3

2 1.87e-02 1.73  2.29e-01 1.01 1.44 043 0.23 2.67¢e02 3

3 1.42e-02 0.41  2.30e-01 -0.01 1.40 0.32 0 1.30e-02 3

NLTPFA | 4 6.65e-03 1.11  1.20e-01 0.95 141 0.33 0 3.23e-03 2
5 2.20e-03 1.60  4.25e-02 1.50 141 0.33 0 6.69e-04 2

6 6.08e-04 1.85  1.21e-02 1.81 1.41 0.33 0 1.20e-04 2

7 1.57e-04 1.95  3.21e-03 1.92 141 0.32 0 1.67e-05 2

1 7.36e-02 0.00  5.44e-01 0.00 1.59 0.48 0 0 6

2 3.27e-02 1.38  4.09e-01 048 1.39 0.31 0 0 6

3 2.69e-02 0.29  4.19e-01 -0.04 1.36 0.24 0 0 7

NLMPFA | 4 1.49¢-02 0.87  2.55e-01 0.73 1.38 0.23 0 0 14
5 6.04e-03 1.31  1.08e-01 1.25 1.40 0.23 0 0 14

6 2.25e-03 143  4.49e-02 1.26 1.41 0.19 0 0 9

7 8.20e-04 1.46  2.04e-02 1.14 1.41 0.14 0 0 13

1 5.79e-02 0.00  4.53e-01 0.00 1.64 0.55 0 0 1

2 1.71e-02 2.09  2.22¢-01 1.21 1.44 042 0 0 1

3 1.04e-02 0.72 2.02e-01 0.14 143 0.56 0 0 1

AvgMPFA | 4 4.37e-03 1.28  1.0le-01 1.02  1.41 0.46 0 0 1
5 1.51e-03 1.54  3.49e-02 1.54 1.41 0.38 0 0 1

6 4.36e-04 1.80  1.03e-02 1.77 141 0.36 0 0 1

7 1.14e-04 1.93  2.78e-03 1.89 141 0.33 0 0 1

transition from €27 to s is located at x = 0.6, and the permeability tensors are chosen as
3 0 10 3 0
Ai=11 3 0|, A= 10 0 (66)
0 1 0 1
The exact solutions in the sub-domains are
Uy =ldr+y+z, Uy =4r+y+z+6. (67)

Figure@ (left) depicts the exact solution. Please note that the exact solution and the corresponding

flux function are globally continuous within the domain. It can also be seen that the grid is non-

matching at the transition of the sub-domains. Such non-matching grids often occur in faulted

geological environments. The grid in Figure [6] is defined by means of the standard corner-point
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Figure 3: Solution of Box, AvgMPFA, NLTPFA and NLMPFA schemes for the first extremum principle test case.

s grid format and has been generated with the Matlab Reservoir Simulation Toolboz (MRST) [33].
a0 To read in the grid, the opm-grid module from the Open Porous Media (OPM) initiatweﬂ has

a0 been used.

Table 7: Discrete error norms, number of non-zero entries in the Jacobian matrix (nnz) and the number of Newton

iterations (nlt) needed for the linearity-preservation test case.

scheme lun =2 |lup —7llr  nnz  nlt
NLTPFA 1.97e-08 8.11e-07 184111 4
NLMPFA 1.99e-08 8.31e-07 184202 7
1
1

AvgMPFA 1.99¢-08 8.31e-07 184111
TPFA 9.11e-03 3.92e-01 107600

an1 Table [7] lists the discrete error norms, the number of non-zero entries in the Jacobian matrix
w2 (nnz) and the number of Newton iterations (nlt) needed for the simulation run. It can be seen

w3 that the NLTPFA, the NLMPFA and the AvgMPFA all reproduce the exact solution, because the

2http:/ /opm-project.org/
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Figure 4: Unstructured grid used for the second discrete extremum principle test case.

errors are within the range of the nonlinear and linear solver tolerance, whereas the errors of the
linear TPFA scheme are approximately five orders of magnitude higher. It is well-known that the
errors of the linear TPFA scheme are in O(1) for non-K-orthogonal grids. However, the improved
accuracy of the other schemes comes with the cost of a larger face flux stencil, which is the reason
why the corresponding Jacobian matrices are denser than the one of the TPFA scheme. When
using Picard’s method instead of Newton’s method, the number of non-zero entries would be the

same for the NLTPFA and TPFA scheme.

The next example is a synthetic model of sedimentary basin inspired by the 3D Northeast German
Basin model presented in [34]. An approximate geometry of the basin was reconstructed using the
software TemisFlow developed at IFPEN. For that case, the stationary heat equation is solved,
where, here, A corresponds to the thermal conductivity [W/(m - K)] and u to the temperature [K].

The thermal conductivity has been computed using the following law

¢
A= (Aw> A
A, 1+ au

where « is a coefficient used to express the thermal dependency, A,, and A, denote the water and

rock conductivities, and ¢ the porosity. A vertical geothermal gradient was assumed initially to
evaluate the law. Salt diapirs within this model create high conductive regions, as shown in Figure
[7 leading to thermal anomalies. A robust discretization with respect to the grid is required for
this type of structure, in order to evaluate the temperature field and to perform thermohaline
simulations. At the top and bottom boundaries, Dirichlet conditions are set to 281.15K and
423.15 K, respectively, whereas Neumann no-flow conditions are used elsewhere.

Figure |8 (a)-(c) show the numerical solutions of the TPFA, NLTPFA and the Box scheme.
Additionally, the absolute difference between the TPFA and the NLTPFA is depicted in Figure
(d). Tt is observed that the TPFA scheme differs from the NLTPFA and Box scheme especially at
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(a) Box scheme

u
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(d) NLMPFA scheme

Figure 5: Solution of Box, AvgMPFA, NLTPFA and NLMPFA schemes for the second discrete extremum principle

test case.

w7 the salt domes, where it seems that the TPFA scheme overestimates the temperature values.

468 Table [§] lists the discrete error norms ||u; — ug||r2 between the schemes. Please note that the

wo  total domain volume is approximately || ~ 1.75e14m?, which explains why the errors are quite

a0 large. All schemes differ at most from the TPFA scheme, which shows a better accuracy of the

an schemes compared to a TPFA.

Table 8: Discrete error norms ||u; — u2||;,2 between the different schemes.

scheme NLTPFA NLMPFA AvgMPFA TPFA Box nnz nlt
NLTPFA 0 9.09¢06 2.28¢e06 6.69e07 2.27e07 | 11967982 6
NLMPFA | 9.09e06 0 8.98e06 6.57e07 2.26e07 | 11969149 9
AvgMPFA | 2.28e06 8.98¢06 0 6.69e07  2.26e07 | 11967982 1
TPFA 6.69e07 6.57e07 6.69e07 0 7.84e07 | 5974567 1
Box 2.27e07 2.26e07 2.26e07 7.84e07 0 23684992 1

a2 Again, the number of non-zero entries of the NLTPFA, NLMPFA and AvgMPFA is approxi-

a3 mately twice the number of the TPFA scheme. Moreover, the most dense matrix is the one of the
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Figure 6: Exact solution for linearity-preservation test case (left); Grid used for the spatial discretization (right).

3.2
25
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0.57

Figure 7: Thermal conductivity of the Northeast German Basin. The salt domes correspond to the high conductive
regions. The domain lengths in coordinate directions are approximately 169 km (in the x-direction), 165km (in the

y-direction), and 17.57km (in the z-direction).

Box scheme.

6. Conclusion

In this article, a family of cell-centered finite volume schemes has been introduced and analyzed.
The construction of these schemes is based on a convex combination of two face flux approxima-
tions. These face flux approximations are designed to satisfy a strong consistency condition by
choosing an appropriate face interpolator.

In the first part of this work, a proof of the convergence of this family of schemes has been
given. In Section [ two representatives of this family have been constructed, namely the non-
linear two-point flux approximation (NLTPFA) and the nonlinear multi-point flux approximation
(NLMPFA), such that the strong consistency assumption is fulfilled. To guarantee the existence

of a discrete solution, the discrete flux approximations have been modified to be continuous in
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Figure 8: Solution of TPFA, NLTPFA and Box scheme (a)-(c). Absolute difference of TPFA and NLTPFA scheme

(d). The results are shown for a part of the domain.

Hr, (). Moreover, the NLTPFA scheme has been extended to the case where negative coefficients
arise in the conormal decomposition. This has been achieved by reformulating the residual term
in the flux approximation.

Finally, in Section [5} the nonlinear schemes have been compared to linear ones. The con-
vergence behavior has been analyzed for a mild and high anisotropy test case on non-matching,
randomly distorted and twisted grids. It has been observed that there are almost no differences
in the convergence rates between the linear AvgMPFA and the nonlinear schemes. In addition to
that, estimates have shown the coercivity of the schemes for the considered test cases. The main
difference between the NLTPFA and the NLMPFA is the number of Newton iterations needed for
convergence. For all test cases, the NLTPFA requires less iterations than the NLMPFA scheme.
The positivity-preserving property of the nonlinear schemes has been analyzed in Section [5.2}
where it has been shown that linear schemes produce unphysical negative values, in contrast to
the nonlinear ones. In Section [5.3] it has been demonstrated that the introduced schemes are
linearly exact on non-matching grids. Furthermore, the schemes have been applied to a synthetic
geological formation inspired by the Northeast German Basin, to solve the stationary heat equa-
tion with heterogeneous thermal conductivities. It has been shown that the standard linear TPFA
scheme overestimates the temperature in salt domes, whereas the NLTPFA, NLMPFA, AvgMPFA
and Box schemes all exhibit similar behavior.

Within this work, only linear elliptic problems have been considered. Therefore, using a non-

linear discretization method obviously deteriorates the efficiency of the computations compared to
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linear schemes. However, this drawback vanishes when solving highly nonlinear partial differential

equations [21].

7. Appendix: Technical propositions

Proposition 3 (Density of a space of test-functions). Under Hypotheses@ let Q be the space of
functions ¢ : Q — R s.t.

(i) (¢ is continuous and piecewise regular) ¢ € Co(Q) and, for alli=1,...,Ng, ¢ € C*(Q;),

(#i) (the tangential derivatives of ¢ are continuous through the interfaces of Py ) for alli,j =1,..., Ng,
Jfor all vectors t parallel to 92; N 0SY;, (V) gt = (Vgp)‘ﬂfjot on 08 N 0K, where (Vo) q:

refers to the value of Vo on 0 computed from the values on €,

(i4i) (the flux of V¢ directed by An is continuous through the interfaces of Py ) for alli,j =1,..., Ng
s.t. 0Q; N 08Y; has dimension d — 1, (AV@)g-n; + (AVe)g-m; = 0 on 9Q; N 08Y;, where

n; is the outer normal to €);.

Then, Q is dense in H}(S2).
Proof. see []. O

Proposition 4 (Discrete Sobolev embeddings). Let D be an element of a family of discretizations
matching Definition[1 Let q € [1,+00) if d = 2, and q € [1,2d/(d —2)] if d > 2. Then, there
exists a strictly positive parameter Co > 0 depending only on €2, q, 01 and g2 s.t.

lull o) < Collullr  Yu € Hr(Q).

Proof. This result can be proved following the guidelines of the proof in [12, §5.1.2], since all
discrete norms considered in this work are equivalent under the mesh regularity assumptions of

Definition [ O

Theorem 2 (Discrete Rellich theorem). Let {D, }nen be a sequence of admissible discretizations
matching Definition[1] s.t. hp, — 0 as n — co. Let {vy}nen be a sequence in Hr, (Q) s.t. there
exists C > 0 with ||v,||7, < C for all n € N. Then, there exist a subsequence of {vp}nen and a
function v € H}(Q) s.t., asn — oo, (i) v, — v in LI(Q) for all q € [1,2d/(d —2)) (and weakly in
L2/@=2)(Q)) if d > 2); (i) {Vp, vn }nen weakly converges to VU in [L2(Q)]%.

Proof. This theorem deduces from using the same techniques as for [I2, Lemmata 5.6-5.7]. O

Proposition 5 (Asymptotic stability of the interpolator). Under Hypotheses|l, we have

1
lerllr < b <€D(<P) +BO\/g|S0|H1(Q)>

forall p € ®.
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Proof. Let ¢ € ©. Owing to (P2)), we get

nllerllF < ar(er, o7, 1)

= (aT(‘PTNPTv@T) —/QAVSOﬁD@TM) +/QAVSO'6D<PT(1$

IN

(@)l 7 + Bollm @) IVoer s < (ep(9) + BoVlpln o)) lerllr. O

Proposition 6 (Stability). Assume that Hypotheses hold. Then, any solution u, € Hp () of
problem for a given n € N satisfies the stability estimate

&
lunllz, < ZFFller @) (68)

Proof. Using the fact that f € L"(Q2) and thanks to (P2), Holder’s inequality and Proposition

we have

Ylluall7, < oz, (un, tn, un) = / fun dz < [fllLr@llunll @) < Collfllr@llunliT,,
Q

. s def _ 2d
with ' = TTTI = 4_3" O
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